FARGUES-SCHOLZE CORRESPONDENCE AND ENDOSCOPIC

CLASSIFICATION FOR SPECIAL ORTHOGONAL AND UNITARY GROUPS
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ABSTRACT. Let p be odd and let K/Q, be unramified. For a special orthogonal group or a unitary
group G over K that splits over an unramified extension, we prove that the Fargues—Scholze local
Langlands correspondence agrees with the semisimplification of the classical correspondence for
G constructed in the work of Arthur and others. As applications, we construct an unambiguous
local Langlands correspondence for even special orthogonal groups, deduce the strong Kottwitz
conjecture and the eigensheaf conjecture of Fargues, and establish new torsion vanishing results for
orthogonal and unitary Shimura varieties.
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1. INTRODUCTION

For a connected reductive group G over a finite extension K of @, for some rational prime
p, the conjectural local Langlands correspondence is a map from the set II(G) of isomorphism
classes of irreducible admissible representations of G(K) to the set ®(G) of conjugacy classes of
L-parameters’

¢ : Wi x SLy(C) — L@,

which should have finite fibers called L-packets and satisfy various properties; see [Bor79]. When G
is a special orthogonal group or a unitary group over K, such a map is constructed by Arthur [Art13],
Chen—Zou [CZ21a], and Ishimoto [Ish24] in the special orthogonal case, and by Mok [Mok15] and
Kaletha—Minguez—Shin—-White [KMSW14] in the unitary case. When G is a special orthogonal
group associated with a quadratic space of even dimension 2n, the correspondence is only well-
defined up to Og,(C)-conjugation. In this case, set

B(G) = B(G)/02(C).

Also, when G = GSpin(V) for a quadratic space V over K, the correspondence is constructed in
[GT19, Theorem 2.6.1] for those representations m whose central character is the square of another
character. These constructions ultimately rely on endoscopy and trace formula techniques. We
denote the resulting correspondence by

rece : TI(G) — {?(G), f)utside the even. special orthogonal case,
®(G), in the even special orthogonal case.

On the other hand, fix a rational prime ¢ # p and an isomorphism ¢, : C = @Q,. Using
excursion operators on the moduli stack of G-bundles on the Fargues—Fontaine curve, Fargues and
Scholze [FS24] constructed a candidate for a semisimplified local Langlands correspondence for
every connected reductive group GG, namely,

rectd : II(G) — ®%(G), T s

LpTT®
Here ®%%(G) denotes the set of conjugacy classes of continuous semisimple homomorphisms
¢ Wk — LG
whose composition with the canonical projection “G — Wy is idw, . Moreover, recgs satisfies

some desired properties listed in [FS24, Theorem 1.9.6]. It is known that recgs is independent of
the choice of ¢; see [Sch26].

Here and throughout the paper we take the Langlands L-group “G in the Weil form.
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It is both natural and nontrivial to ask whether recg and rec” are compatible when they both
exist, in the sense that there exists a commutative diagram

(1.1)

II(G) —<— &(Q)

FS
rec
¢ J()SE )

@SS(G)

where (—)% precomposes a parameter ¢ € ®(G) with the map

1/2

0
Wy — Wk x SLa(C) : g — (97 ng{ | |1/2]> .
g

—1

Art —
Here || is defined to be the composition Wy — WP —F K il Ry.
Our main result is the following theorem on compatibility of the Fargues—Scholze local Langlands

correspondence with the “classical local Langlands correspondence” defined in [Art13], [Mok15],
[KMSW14], [CZ21a], [CZ21b], and [Ish24]:

Theorem A. Suppose p > 2 and K/Q, is unramified.
(1) If G = U(V') where V is a Hermitian space with respect to the unramified quadratic extension

K1 /K, then the diagram (1.1) is commutative.

(2) If G = SO(V') where V is a quadratic space over K with dim(V') = 2n+1 for some positive

integer n, then the diagram (1.1) is commutative.

(3) If G = SO(V) where V is a quadratic space over K of dimension 2n for some positive

integer n such that G splits over an unramified quadratic extension of K (equivalently,
ordg (disc(V)) = 0(mod 2); see §2.1), then the diagram (1.1) is commutative up to conju-
gation by O(2n,C).

Remark. We have the following remarks concerning Theorem A.

(1)

(2)
(3)

When G is an inner form of a general linear group over any finite extension of @, Hansen,
Kaletha and Weinstein established in [HKW22, Theorem 6.6.1] that the Fargues—Scholze
LLC coincides with the usual (semisimplified) LLC for inner forms of general linear groups
given in [DKV84, Rog83].

When G is an inner form of Sp, or GSp, over an unramified finite extension of Q, for p > 2,
the compatibility is established in [Ham25].

For G = U(V) or GU(V) where V is an odd-dimensional Hermitian space with respect to
the unramified quadratic extension Q,2/Q), the compatibility is established in [MHN24,
Theorem 1.1], and their proof is different from ours. In fact, they established the Kottwitz
conjecture first by proving an averaging formula of Shin for GU(V'), and they restricted to
the case K = Q, because the Hasse principle holds for unitary similitude groups over Q.

The assumptions that p > 2 and that the relevant splitting extension over @), is unramified
are necessary in order to apply Shen’s result [She20] that the relevant local shtuka spaces
uniformize Shimura varieties of Abelian type. These assumptions in Theorem A and its
corollaries can be removed for such G once the main result of [She20] is established for a
Shimura datum (G, {x}) such that GRQ, = Resg /g, G- During the review of this paper, we
learned that [DvHKZ26] had removed these assumptions, building on computations carried
out in the present work.

Theorem A is proved in §6. Moreover, in the third case of Theorem A (i.e., even special
orthogonal groups), we use the compatibility property to construct an unambiguous version of the
local Langlands correspondence for (G, eliminating the ambiguity up to outer automorphisms by
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requiring compatibility with the Fargues—Scholze local Langlands correspondence, which is defined
canonically without outer automorphisms.

Theorem B. In the third case of Theorem A, there exists a map
rechG II(G) — @(G)

lifting the correspondence defined in Arthur [Art13] and Chen—Zou [CZ21al]. It is compatible with
the Farques—Scholze local Langlands correspondence in the sense that diagram (1.1) is commuta-
tive. Moreover, rechG satisfies the relevance, temperedness, discreteness, internal parametrization,
Langlands quotient, standard ~v-factor, Plancherel measure, and local intertwining properties stated
precisely in Theorem 7.1.1. In particular, Vogan’s version of the local Langlands conjecture [Vog93]

holds for unramified even special orthogonal groups.

Theorem B is proved in Theorem 7.1.1.

Using the unambiguous local Langlands correspondence, we verify in §7.2 the naturality property
of the Fargues—Scholze local Langlands correspondence for those G appearing in Theorem A, thereby
confirming [Ham24, Assumption 6.5]. We also establish a weaker result for a central extension of
Resg g, G, which will be used to deduce a torsion vanishing result for suitable Shimura varieties.

We next show that the classical Langlands correspondence, together with geometric techniques,
provides sufficient input to verify part of the categorical local Langlands conjecture of Fargues—
Scholze [FS24, Conjecture X.1.4].

Theorem C. Suppose G is one of the groups appearing in Theorem A, p > 2, K/Q, is unramified,
and ¢ € ®(G) is supercuspidal.
(1) The sheaf
G,= P P  in(m) € Dis(Bung, Q)
bEB(G)pas mpEIL(Gy)
admits an action of &4 := Z5(¢) satisfying conditions (i)-(iv) of Fargues’ conjecture [Far16,
Conjecture 4.4] for G. In particular, Gy is a Hecke eigensheaf for ¢.

(2) The strong Kottwitz conjecture [HKW22, Conjecture 1.0.1] holds for G and any conjugacy
class of geometric cocharacters {uu} for G, up to a reparametrization of elements of the L-
packet of ¢ that is independent of the choice of {u}. Moreover, assuming Hypothesis 4.5.8,
this reparametrization is trivial.

Remark. The strong Kottwitz conjecture was previously shown when G is an unramified odd unitary
group over Q, [MHN24], and a weaker version is known when G is an inner form of GSp, or
G = Sp, over an unramified extension of @, [Ham25]. Our proof uses a new globalization method
that connects the cohomology of local shtuka spaces with the endoscopic part of the cohomology
of Shimura varieties.

Hypothesis 4.5.8 describes the Galois representation appearing in the generic part of the middle
degree ¢-adic cohomology of orthogonal and unitary Shimura varieties. It is known for orthogonal
Shimura varieties over Q by [Zhu24, Corollary 9.8.10]. In particular, Theorem C proves the strong
form of the Kottwitz conjecture for special orthogonal groups over Q, for p > 2, generalizing
[Ham25, Theorem 1.3]. In general, Hypothesis 4.5.8 will follow from a sequel to [KSZ21] as long as
the full endoscopic classification for orthogonal and unitary groups is obtained.

Theorem C is proved in Theorems 7.3.4, 7.3.5, and 7.3.7.

1.1. Torsion vanishing for special orthogonal and unitary Shimura varieties. We use the

compatibility result to establish new torsion vanishing results for Shimura varieties of orthogonal

or unitary type. We now introduce the necessary background and notation. Let G be a connected

reductive group over Q with a Shimura datum (G,X), and let E C C be the associated reflex

field. Fix an odd rational prime p that is coprime to #m1([G, G]), together with an isomorphism
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tp : C = Q, inducing an embedding £ — Q,. We denote by G the base change of G to Q,. We
assume that G is unramified and equipped with a Borel pair (B, T) and a hyperspecial subgroup
Ky of G(Qy). Let K? < G(A%) be a compact open subgroup such that K := K,K? < G(Ay) is
neat. Let £ be a rational prime that is coprime to p - #mo(Z(G)), and let the coefficient field A be
either Q, or IFy.

Definition ([HL24, Definition 6.2]). Suppose G is an arbitrary quasisplit reductive group over a
finite extension K/Q), with a Borel pair (B, T), and ¢1 € ®%(T, A) is a semisimple L-parameter. Let
®¥ denote the Chevalley dual of ¢1. Then ¢ is said to be generic (or of Langlands—Shahidi type)
if for every positive coroot u € ®V(G, T)T C X,4(T), the following Galois cohomology complexes
vanish:
RL (Wi, "Tpo é7), RE(Wi," T, 0 67).

Here L’n denotes the extended highest weight tilting module of T with A-coefficients associated
with u; see (3.6).

We now state the following torsion-vanishing conjecture for Shimura varieties.

Conjecture ([Car23,HL24]). Suppose ¢ € ®(G,F,) is an unramified, semisimple, toral generic
L-parameter, corresponding via the Satake isomorphism to a maximal ideal m C F;[K,\G(Q,)/%,)].
Then the complex RT¢(Shy (G, X)5, Fo)m (resp. RI'(Shy(G,X)z, Fo)m) is concentrated in degrees
0 < i < dime(X) (resp. dimg(X) < i < 2dimg(X)).

This torsion vanishing conjecture has been established in [CS17,CS24,Kos21] and [HL24] in the
case where (G, X) is a PEL-type Shimura datum of type A or Cs and G is a product of certain
groups related either to GL,, over an unramified extension of Q,, or Usg1 with respect to Q,2/Qp,
or Uy with respect to a quadratic extension of unramified extensions of Q,, with p and ¢ satisfying
certain properties.

In this work, we extend the list of known cases, particularly when (G, X) is an orthogonal or
unitary Shimura datum associated with a quadratic or Hermitian space over a totally real number
field F' with standard indefinite signature, G is among the unramified groups listed in Theorem A,
and / is sufficiently large.

Remark. The above torsion vanishing conjecture was established in [DvHKZ24] in the case where
G = G ® Qy is split and the Shimura variety is compact of Hodge type, under the hypothesis that
the Fargues—Scholze correspondence for G is compatible with the so-called classical local Langlands
correspondence; see [Ham24, Assumption 6.5]. However, their result does not apply directly to the
orthogonal Shimura variety Sh(Resy/gSO(V), X) when the quadratic space V over a totally real
field F' has large rank, because it is not of Hodge type. A natural approach is to consider a Hodge
type Shimura datum (G¥ X*) with a map of Shimura data (Gf X#) — (Resp/p SO(V), X) such
that the morphism Gf — Res F/@SO(V) is a central extension. However, G has derived subgroup
Resr/q Spin(V), for which the so-called classical local Langlands correspondence has not yet been
constructed. In this work, we modify the argument of [DvHKZ24] and weaken the hypothesis
of [Ham24, Assumption 6.5] to our Hypothesis D below. We then establish the torsion vanishing
for Sh(G#, X*) and use the Hochschild-Serre spectral sequence to deduce the torsion vanishing for
Sh(Resp/g SO(V),X). We also treat certain cases where p is not split in F.

If G,q is a product of Weil restrictions of split simple groups, then there exists a simpler proof
without using geometric Eisenstein series. In this introduction, we state a more general result, which
applies to the above-mentioned orthogonal or unitary case by constructing a central extension in
§4.1. We first state a hypothesis on the Fargues—Scholze local Langlands correspondence:

Hypothesis D. Suppose G is a quasisplit connected reductive group over a p-adic number field
K with a Borel pair (B, T) and ¢ € ®%(G, Qy) is a semisimple generic toral L-parameter. For any
5



b € B(G) and any p € II(Gp, Qy), if the composition

Wie 2 LGy(@r) — LG(Qy),

where the second arrow is the twisted embedding defined in [FS24, §1X.7.1], equals ¢, then b is
unramified.

By our main theorem and [Ham24, Lemma 3.14], this hypothesis holds for those groups G/K
appearing in Theorem A that are quasisplit.

We now state our main theorem on torsion vanishing for certain Shimura varieties of Abelian
type. This theorem is proved in Theorem 8.2.10.

Theorem E. Suppose that the following assumptions hold:
(1) Shy (G, X) is proper, and there exists a Shimura datum of Hodge type (G*, X%, and a mor-
phism of Shimura data (G*,X%) — (G,X) such that (ng — Gaq 1s an isomorphism.

(2) There is an isomorphism

k
Gaa =[] Resr, /g, Hi,
=1
where each H; is a split simple group over L;. Via vy, the conjugacy class of Hodge cocharac-
ters associated with X* induces a dominant cocharacter praq = (p1,. . ., jug) of Gad@' Under

the canonical decomposition
(ReSLi/QpHi)@ = H (Hz ®Li,7' @p) )
D N
TGHom@p(Li,QP)
each p; is trivial on all but at most one simple factor.
(8) € is a rational prime that is coprime to p - #m0(Z(G)) - #70(Z(G)), and m is a mazimal
ideal of the (-torsion Hecke algebra Hy, := Fo[Kp\G(Qp)/Kp).

If the semisimple toral L-parameter ¢n corresponding to m is generic and Hypothesis D holds for
every semisimple generic toral lift of ¢w, then Hi (Shy (G, X)%, Fp)m vanishes unless i = dime(X).

Remark. The hypothesis that Shy (G, X) is proper is expected to be unnecessary, once one has
constructed the minimally compactified Igusa stack for Sh(GF, X*) in the sense of [Zha23] and
compared the fibers of the Hodge—Tate map on it with the minimally compactified Igusa varieties.
This has been done when Sh(GF, X*) is of PEL type A or C in [HL24].

In particular, this theorem generalizes previous results of [CS17,Kos21,CS24, HL24] to compact
orthogonal and unitary Shimura varieties. This is because we may construct a central extension
G* of G := Resp/gU(V)°® with a morphism of Shimura data (G*,X*) — (G,X), so that (G, X¥)
defines a Shimura datum of Hodge type. In the unitary case, we take

G' =G x z%
Here
ZQ = {Z S ReSFl/@GLl : Nmpl/F(Z) S QX}
and F /F is the CM-extension associated with the Hermitian space V. The desired map of Shimura
data (GF,X*) — (G, X) is constructed by Rapoport, Smithling, and Zhang in [RSZ20]. In the
orthogonal case, following Carayol [Car86, p. 163], we construct, for each 7T € R, i such that Q(T)
is an imaginary quadratic field, a group G fitting into an exact sequence

15720 5GP 5 G =1,

where
7Q = {Z € ReSF(j)/@GLl : NmF(-[)/F(Z) S QX}
6



If moreover we assume that p is unramified in F and Q(7)/Q is split at p, then there exists an
isomorphism

G'® Qp = GL1 X Respgq, /0, GSpin(V ® Q).

In fact, proving this torsion vanishing result for orthogonal Shimura varieties is one of the main
motivations for this paper. In Euler system arguments via “level-raising congruences” in higher-
dimensional Shimura varieties, as pioneered by Bertolini and Darmon [BD05] for Shimura curves,
we need to construct elements in the cohomology of Shimura varieties via the Jacquet—Langlands
correspondence. The natural way to do so is to take the Abel-Jacobi map of a globally defined
cycle that is cohomologically trivial. The point is that a certain Hecke translate of a global cycle
class becomes cohomologically trivial if the target cohomology group is itself trivial. For example,
this strategy was applied in [Liul6, Liul9,LT20, LTX 22| and will be used in the author’s upcoming
work [Pen26] on higher-dimensional analogues of Kolyvagin-type theorems for product of Shimura
varieties of orthogonal type in the arithmetic Gross—Prasad setting. For further applications of
torsion vanishing results, we refer the reader to Caraiani’s ICM report [Car23].

1.2. An overview of the proof. We summarize the proof of Theorem A, adapting the method
of Hamann [Ham25]. We exclude the case of even orthogonal groups in this introduction, as the
additional outer automorphism complicates the notation. The proof proceeds by induction on
the geometric rank of G, with low-rank cases verified by direct inspection. For higher ranks, if
m € II(G) is non-supercuspidal, we invoke the induction hypothesis along with the compatibility
of rec (resp. recgs) with parabolic induction, since any proper Levi subgroup of G is a product
of (Weil restrictions of) general linear groups and a group of the same type as G, but with smaller
geometric rank. We may therefore assume that 7 is supercuspidal. We establish the compatibility
for pure inner forms of G simultaneously. If ¢ is the classical L-parameter of m and II4(G*)
contains a non-supercuspidal representation pnsc, then the compatibility is already known for ppgc.
We then propagate this property to other representations in the L-packets of pure inner forms of
G with classical parameter ¢. The crucial input is a description of the cohomology of the local
shtuka spaces Shtq 1,1 defined in [SW20], where {u} is a geometric conjugacy class of G related
to the Hodge cocharacter of a suitable global Shimura variety of orthogonal or unitary type, and
b € B(G, {u}) is the unique nontrivial basic element. This local shtuka space carries an action of
Gy(K) x G(K) x Wgy,,, where Ey,y/K is the reflex field of {¢}. For any p € II4(Gs), the complex

RI®(G,b, {u})[p] is isomorphic to the image of p under the relevant Hecke operator. Since Hecke
operators and excursion operators commute, it follows that any representation of G(K) occurring
in RI(G, b, {})[p] has Fargues-Scholze parameter equal to that of p.

To analyze which representations of G appear, we use the weak Kottwitz conjecture established
by Hansen, Kaletha and Weinstein [HKW22].? In fact, m does not necessarily appear in the com-
plex RT?(G, b, {11} )[pnsc], but we may iterate this process, replacing pusc by those representations
that appear, until © eventually appears. This ultimately depends on a detailed analysis of the
combinatorics of the centralizer of the L-parameter ¢ in é, see §2.6.

We are now left with the case in which IT14(G*) consists entirely of supercuspidal representations.
A result of Meeglin and Tadié, recalled in Proposition 2.5.1, then implies that ¢ is supercuspidal;
in particular, it is discrete and trivial on the SLy(C)-factor. Since Hecke operators commute with
the excursion algebra, we may reduce to the quasisplit case, and it suffices to prove compatibility
for each p € I14(Gy); see [Ham25, Lemma 3.15].

2We remark that when G is an even special orthogonal group, the hypothesis in [HKW22] remains unproven, since
only a version of the local Langlands correspondence up to conjugacy by the full orthogonal group is available. Instead,
we use the weak endoscopic character identity established in [Pen25] and modify the arguments therein to establish a
weaker version of the weak Kottwitz conjecture, Theorem 3.4.1, valid up to conjugacy by the full orthogonal group.
This weaker version is enough for the argument to work.
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Let Std denote the standard representation of G x Gal(K'/K;), where K’ is the splitting field
of G. Because ¢ is discrete, we may write

gt?iogbh/v}(l :¢1+”'+¢T7

where the ¢; are pairwise nonisomorphic irreducible representations, each occurring with multiplic-
ity one. Hamann [Ham25] and Koshikawa [Kos21] showed that if every ¢; occurs as a subquotient

of
B RIYG,b, {u)l]
P €Ly (Gy)

as a Wi, -representation, then every ¢; occurs in Std o ¢ES|WK1. The latter representation is
semisimple and has dimension >_;_; dim(¢;). Thus the containment of all the pairwise nonisomor-
phic constituents forces

Std o ¢p°|w,, = Std o ¢l -

The results of [GGP12] then imply quS = ¢.
Thus it suffices to prove that

@ RIUG, b {uh)l]

p'€lly(Gh)

admits a subquotient isomorphic to Std o ¢ as a W, -representation. This is where global inputs
become necessary, i.e., by relating this complex to the cohomology of a relevant global Shimura
variety. The cohomology of the relevant global Shimura variety is studied via the Langlands—
Kottwitz method and related to automorphic forms, whose local components are governed by
classical L-parameters via Arthur’s multiplicity formula. To be more precise, we elaborate on
the case when GG is an odd special orthogonal group as an example. According to a result of
Shen [She20], the local shtuka space uniformizes the basic Newton stratum of the generic fiber of
a relevant Shimura variety, as defined in [CS17]. A relevant Shimura variety is given by (G, X),
where G is a standard indefinite special orthogonal group over a totally real field F with p inert
and F, = K, such that G ®p K = G. Let Ar and Ag s denote the ring of adeles and finite adeles
of F, respectively, and let K, < G(K) and K < G(A% f) be sufficiently small level subgroups,
thereby yielding the adic Shimura variety Sx,%»(Resp/gG,X) defined over C,. For an algebraic

representation £ of (Res P /QG)C with sufficiently regular highest weight, let £, ¢ be the associated

Q¢-local system on Sg(pg{p (Resp /QG, X), and consider the cohomology
RFC(Sg(pg(p (ResF/QG, X), »Cagﬁ)-

The basic uniformization result of Shen implies a G(K) x Wg-equivariant map

— dimg (X)

O :RL(G.0.1 {1} @il I, *  [dime(X)] @k e A (G (F\G'(App)/ K, Z,,¢)
— BT, (S(RespygG, X)ar, Luge )

where G’ is an inner form of G satisfying G’ ® K = G} and such that G'(F' ® R) is compact.
Here

A(G' (P)\G'(AFy)/K?, Z,¢)
denotes the space of KP-invariant algebraic automorphic forms valued in ¢y§. Next, we note that
the pair (Resg/@G, {undg}) is fully Hodge-Newton reducible as defined in [GHN19], where piyqg
is the Hodge cocharacter associated with X. This implies that the flag variety Grgeg, J0, G {pmag)
is parabolically induced as a G(K)-space. This is called “Boyer’s trick”. Using the Hodge-Tate
period map
THT - Sg{p(G, X) — GrResK/QpGa{HHdg}’
8



defined in [CS17], when we restrict to the summands on both sides of © where G(K) acts by
a supercuspidal representation, we obtain a G(K) x Wg-equivariant isomorphism, which is also
functorial with respect to KP.

We globalize the given p € TI(G}) to a cuspidal automorphic representation II' of G/, such that
the KP-fixed subspace of II' occurs as a Gp(K)-stable direct summand of

A(G(F\G (Ars) /K, Z,¢)

for some & with sufficiently regular highest weight, where
e II' is an unramified twist of the Steinberg representation at some nonempty subset ©5¢ of
places of F,

e II’ is supercuspidal at some nonempty subset ¥5¢ of finite places of F' disjoint with 35, and
there exists v € X% such that I}, has a simple supercuspidal L-parameter ¢,, meaning that
Std o ¢, is irreducible as a representation of W, .

e I’ is unramified outside some nonempty subset 3 of places of F' containing ¢ U 35t U X%,
and KP decomposes as KP = WE\{p}ﬂ{z.

These conditions ensure that Arthur’s multiplicity formula can be applied to analyze the cuspidal
automorphic representations I’ in the near equivalence class of II. In particular, for each such
I, fIJ’D has classical L-parameter ¢. If we consider the maximal ideal m C T* corresponding to
(I")*, where T* is the Hecke algebra of G’ away from ¥, then m is non-Eisenstein in the usual
sense. Moreover, after localizing at m and restricting to the summand on which G(K) acts via a
supercuspidal representation, we obtain an isomorphism

— dimg(X)

Omse t RU(G,b, 1, {1})se @ v | =g, > [dime(X)] @F sy A (G (F)\G'(Arps) /K, L,1¢).,
=5 BRI, (S(Resp oG, X, Lige)

m
The assertion then follows if we can prove that the right-hand side is concentrated in the middle
degree dime(X) and carries a Wi, -action given by

. —dimg(X)

Std0¢®Lg|—|K1 2
To prove this, we apply the Langlands—Kottwitz method in §4.5 to compute traces of sufficiently
large powers of Frobenius at all but finitely many finite places of F'. Information at the place p is
then obtained from local-global compatibility for the Galois representation attached to the func-
torial transfer of IT’, which is a self-dual cuspidal automorphic representation of GLqy rank(g@)(A F)-

Remark. A natural question is whether the same method can be applied to prove compatibility
for other reductive groups, for example GSpin,,, GSpsy,,, Spy, and Gg. For inner forms of GSp,
and Spy, this is known by [Ham25]. For GSpin,,, it is possible to extend the method to prove
compatibility of Fargues—Scholze’s construction with the correspondence constructed by Moeglin
[Moel4] in the quasisplit case, once the endoscopic character identities, as formulated in [Kall6],
are proved for all of their inner twists. On the other hand, new ideas are needed to treat the
cases of GSpy,, (n > 3) and Ge, because a crucial step of the proof is to use the compatibility
between local and global Shimura varieties to connect the construction of Fargues and Scholze with
the so-called classical local Langlands correspondence through the cohomology of global Shimura
varieties. The latter is studied via the Langlands—Kottwitz method, which can only give information
about the (conjectural) global Galois representation p : Galp — “G associated with cohomological
automorphic forms after composition with the extended highest weight module LT{M} of LG, where
{u} is the conjugacy class of Hodge cocharacters of the Shimura datum. However, G2 admits no
Shimura variety, and in the case of G = GSpy,, the extended highest weight module 7y, is the
spin representation of GSpiny,, ,1(C), so it is hard to recover the Galois representation and its local
components. See [KS23] for related study of the cohomology of Siegel modular varieties.
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In §§2.1-2.3, we review the classical local Langlands correspondence for special orthogonal and
unitary groups and the statement of the endoscopic character identities. In §§2.4-2.6, we analyze
more properties of the local Langlands correspondence. In §§3.1-3.3, we review the Fargues—Scholze
local Langlands correspondence and the spectral action, and recall the related objects. In §3.4, we
prove a weaker version of the Kottwitz conjecture. In §§4.1-4.3, we review the endoscopic clas-
sification of automorphic representations of relevant groups, and define a class of cohomological
cuspidal automorphic representations with local constraints. In §4.5, we apply the Langlands—
Kottwitz method to compute the Galois cohomology of relevant global Shimura varieties. In §5, we
apply basic uniformization and Boyer’s trick to prove a key property of the cohomology of relevant
local Shimura varieties, see Corollary 5.2.3. In §6, we combine the previous results to prove the
compatibility theorem, Theorem A. In §7.1, we use the compatibility property to construct an
unambiguous local Langlands correspondence for even orthogonal groups. In §7.2, we prove the
naturality property of the Fargues—Scholze local Langlands correspondence. In §7.3, we prove The-
orem C by combining the compatibility result with the spectral actions. In §8.1, we study certain
properties of generic toral L-parameters. In §8.2, we use the naturality of Fargues—Scholze local
Langlands correspondence to prove the torsion vanishing result for Shimura varieties of orthogonal
or unitary type. In §A, we review the endoscopy theory used in the main body.

1.3. Notation and conventions. We fix the following general notation.

Notation 1.3.1.
e Let Z, denote the set of positive integers and N denote the set of non-negative integers.
e For each n € Z,, we define [n]y := {1,2,...,n}. For each n € N, we define [n] :=
{0,1,...,n}.
e For each n € Z4, let Sym,, denote the symmetric group on n letters.
e Suppose X is a set.
— Let #X denote the cardinality of X and let &2(X) denote the power set of X.

— If X has a distinguished trivial element, we denote it by 1.
— For two elements a, b in a set X, we define the Kronecker symbol

1 ifa=5b
5a,b = . .
0 ifa#b
e Let Q C R C C denote the fields of rational, real, and complex numbers, respectively. We
fix a choice of square root i of —1 in C.
e When A is a (topological/algebraic) group, we write B < A to mean that B is a (closed)
subgroup of A.
e For a finite group A, let Irr(A) denote the set of isomorphism classes of irreducible complex
representations of A.
e All rings are assumed to be commutative and unital, and ring homomorphisms preserve
units. Algebras, however, may be non-commutative and non-unital.
e The transpose of a matrix M is denoted by M ". When M is invertible, we write M~ T for
(M—HT.
e Let J, = (a;j) denote the anti-diagonal n x n matrix such that a; ; = §; p41—; and J}, = (bi;)
denote the anti-diagonal n x n matrix such that b; ; = (—1)”15i’n+1_j.
e If S is a scheme over a commutative ring R and R’ is a ring over R, we define Sp :=
S XSpec R Spec R
e For a locally algebraic group scheme G over a field K, let Z(G) denote the center of G and

G° denote the identity component of G.
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Reductive groups are assumed to be connected.

For a reductive group G over a field K, let Wg denote the relative Weyl group and G*
denote the unique quasisplit inner form of G. A Borel pair for G* is defined to be a pair
(B*,T™*) consisting of a Borel subgroup B* and a maximal torus 7% contained in B*.

We fix the following notation for a connected reductive group over a non-Archimedean local
field of characteristic zero.

Notation 1.3.2. Suppose K/Q, is a finite extension and G is a connected reductive group over K.

Let s denote the residue field of K with a fixed algebraic closure %, and we fix a uniformizer
wg € K*.

Let ordg : K* — 7Z denote the additive valuation map that sends a uniformizer wy to
1, and let |—|; : K* — Ry denote the multiplicative valuation map such that |z|, =
(#/{)—ord;{(x)'

We fix an algebraic closure K of K, and for each subfield K/ C K, we define Galy/ :=
Gal(K/K").

Denote by Wi the Weil group of K and by Ik the inertia group of K. Let Artg : K* —

Wf;b denote the Artin map. Fix an arithmetic Frobenius element i € Wi. Set o := gp;{l,
1

Art -
and we use the same symbol |—|;- to denote the composition Wx — WP RIS el Ik
Ry.

Let K denote the completion of the maximal unramified extension of K.

We use the geometric normalization of the local class field theory, i.e., Artin maps are
normalized so that they map uniformizers to geometric Frobenius classes.

Let G denote the Langlands dual group of G, which is a Chevalley group whose based root
data is dual to that of G. It is equipped with an action of Galg. Denote by G := G x Wx
the Langlands L-group of G in the Weil form. We usually conflate G (respectively, é)
with their C-valued points, unless we write ZG(A) (respectively, G(A)), which denotes its
A-valued points for some ring A.

Let H(G) denote the set of compactly supported locally constant C-valued functions on
G(K) that are bi-K-finite for some compact open subgroup K < G(K).

If G, G are reductive groups over K and m, 7’ are irreducible admissible representations of
G(K) and G'(K), respectively, let w K «" denote the irreducible admissible representation of
G(K) x G'(K) such that (x X7")((g,¢")) = 7(g9) @ 7' (¢').

Let TI(G) denote the set of isomorphism classes of irreducible admissible representations of
G(K), and let ITiemp(G) (resp. IIx(G), resp. IIs(G)) denote the subset of II(G) consisting
of tempered (resp. essentially square-integrable, resp. supercuspidal) representations. Set
I3 temp (G) 1= II2(G) N Itemp (G).

If P < G is a parabolic subgroup with a Levi factor M and o € II(M), we let dp : P(K) — R
denote the modulus quasi-character. We define the normalized parabolic induction by

G(K) (1/2
1§8(0) == Indg(ze) (6 © 7).
If G = GL,, is a general linear group, we define a character v := |—|, odet : G(K) — R,.

Suppose / is a rational prime different from p and A € {Qg,F,}. Let D(G,A) denote the
derived category of smooth representations of G(K) with coefficients in A, equipped with the
natural ¢-structure. Let D™ (G, A) denote the full subcategory of admissible complexes,
i.e., those complexes whose invariants under any compact open subgroup K < G(K) form
a perfect complex.
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e Suppose / is a rational prime different from p and A € {Qg,F;}. For each conjugacy class
of cocharacters {u} for Gz, there exists an indecomposable highest weight tilting module

~

Tiuy € Repy (G) as defined in [Rin91, Don93]; cf. [Ham24, §9.1].
o We define
X«(G) := Homg (GL1 x,G), X.(G) := Homy(GL, %, G
for the set of cocharacters and geometric cocharacters of G, respectively, and define
X*(G) := Homg(G,GL1 k), X*(G):=Homg(Gg, GL, %)

for the set of characters and geometric characters of G, respectively.

1% O%)

e For any condensed oo-category € and any finite index set I, let CBWk denote the category
of objects with continuous Wi-actions, as defined in [FS24, §IX.1].

e For any subfield v’ C &, let Perfd,, denote the category of affinoid perfectoid spaces over

K.

e The six functor formalism of [Sch22] and [FS24] on ¢-adic cohomology of diamonds and
small Artin v-stacks is freely used. In particular, if ¢ is a rational prime different from p
and A € {Q, F,}, then for any small Artin v-stack X, let Dm(X, A) denote the condensed
oo-category of solid A-sheaves on X [FS24, §VIL.1], and let Dys(X,A) C Dm(X, A) denote
the full subcategory of A-lisse-étale sheaves as defined in [FS24, §VIL.6].

We fix the following notation for a connected reductive group over a number field F'.

Notation 1.3.3. Suppose F' is a number field with a fixed embedding 79 : F¥ — C and G is an
arbitrary connected reductive group over F.
o We denote by Ef}n the set of finite places of I, by X% the set of infinite places of F. Set
Yp =Ny u.
e For each finite set S of rational primes, let ¥ (S) C X" denote the subset of all finite
places of F' with residue characteristic in S.

e Let I denote the algebraic closure of F' in C.

e For each finite place v of F, let x, denote the residue field of F,. Fix a decomposition
group D, C Galp and choose an element o, € D, whose image in Gal(&,/k,) is geometric
Frobenius. We also set ||v|| := #ky.

e Let A denote the ring of adeles of F, and let A ; denote the ring of finite adeles of F'.
We also write A := Ag and Ay := Ag .

o If X C Zf};n is a finite subset, set A}%f =11 F,.

!

vEZ?,“\E

e For each discrete automorphic representation II of G(A r), let m(IT) denote its multiplicity
in the discrete automorphic spectrum of G.

2. LOCAL LANGLANDS CORRESPONDENCE VIA ENDOSCOPY

We begin by recalling the local Langlands correspondence defined via the theory of endoscopy.
Let K be a non-Archimedean local field of characteristic zero, and fix a nontrivial additive character
P of K, which extends to an additive character of any finite extension K'/K by defining g+ :=
Yk otbrg K.

2.1. The groups. Let K;/K be an unramified extension of degree at most two, and let ¢ €
Gal(K1/K) be the element with fixed field K. Let xg,/x : K* — {£1} denote the character
associated with K;/K via local class field theory. Let V' be a vector space of dimension over K
equipped with a nondegenerate Hermitian c-sesquilinear form (—, —) on V, that is,
{au + bv,w) = a{u,w) +b(v,w), and (v,w)= (w,v)°
12



for all a,b € K7 and u,v,w € V.
Fix an arbitrary orthogonal basis {v1,...,v,} of V such that (v;,v;) = a; € K*. Define the
discriminant of V' as
dim(

V)
disc(V) = (-1)&) ] as
=1

The class of disc(V) in K*/(K*)? (resp. in K*/Nmy, x(K;)) when K; = K (resp. when
K, # K) is independent of the choice of orthogonal basis.
The (normalized) Hasse-Witt invariant of V' is defined as

<_1’ (_1)((:11“21(‘/)) . dlSC(V)(dlm(;/>1>> . H (a’i7 a])K lf Kl — K7
K icjeldim(V)] 4
Xre, /1 (dise(V)) if Ki # K.

(V) =

where
(= =i (KX/(K)?) ¢ (K J(K*)?) = Br(K)[2] = {#1}

denotes the Hilbert symbol.
Recall from [Ser73, Theorem 2.3.7] that if K1 = K, the isometry class of (V,(—,—)) is fully
determined by the triple

(dim V, dise(V), e(V)) € Zy x (K*/(K*)?) x {1},

and, moreover, it follows from [Ser73, Proposition 2.3.6] that all such triples except (1,d, —1) and
(2,1,—-1) occur. If K; # K, the isometry class of (V,(—, —)) is completely characterized by the
pair

(dlm(V),é(V» € Z+ X {:I:l}v

and all such pairs occur; see [MHT73].
Let G(V') denote the algebraic subgroup of GL(V') such that

G(V)={g € GL(V) : (gv, gw) = (v,w) Vo,w € V'},

and let G = G(V)° denote its identity component. Let G* denote the unique quasisplit inner form
of G over K. Exactly one of the following three cases holds:
O1 K; = K and dim(V) = 2n + 1 is odd. Then G* = SOg,,+1, the split orthogonal group in

2n 4+ 1 variables.

02 K; = K and dim(V) = 2n is even. Then G* = SO;;SC(V), the quasisplit special orthogonal

group associated with the quadratic space V* over K of dimension 2n, discriminant disc(V)
and Hasse-Witt invariant 1.

U K; # K and dim(V) = n. Then G* = U(n), the quasisplit unitary group associated with
the Hermitian space of dimension n with respect to the unramified quadratic extension
K, /K, with Hasse-Witt invariant 1.
We collectively refer to Cases O1 and O2 together as Case O. Note that

e In Case O1, G is split if (V) = 1 and non-quasisplit if (V) = —1. In either case, G splits
over the unramified quadratic extension of K.

e In Case 02, G is split if disc(V') = 1, €(V') = 1; non-quasisplit if disc(V) = 1,¢(V) = —1; and
quasisplit but non-split if disc(V') # 1. Moreover, G splits over the unramified quadratic
extension of K if and only if ordg (disc(V)) = 0(mod 2).

e In Case U, G is non-quasisplit if n is even and €(V) = —1; otherwise it is quasisplit but

non-split. In all cases, G splits over Kj.
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To unify notation, let n(G) = n(G*) denote the geometric rank of G. Thus n(SOg,+1) =
n(SOg;fC(V)) = n(U,) = n. We define the following invariants associated with G:
2n(G) in Case O,
n(G) in Case U,
2n(G)+1 in Case O1,
d(G) := 1 2n(Q) in Case 02,

N(G) = {

2.1
2.1) n(QG) in Case U,
-1 in Case O1,
b(G) =<1 in Case 02,

(=1)™&=1 " in Case U.

Here N(G) is the integer N for the group GLy associated with the Langlands dual group of G;
d(QG) is the dimension of the c-Hermitian space V defining G, and b(G) is the sign associated with
G. In Case 02, we also define disc(G) := disc(V).

Let F ={0= X\, C X{ C Xy C--- C X/} be a flag of isotropic K;-subspaces of V. Then there
exists an orthogonal direct sum decomposition

V=X aY)LV,

where Y,/ is an isotropic subspace. The stabilizer P < G of this flag F is a parabolic subgroup, and
every parabolic subgroup of G arises in this way. Moreover, if X; is a complement of X/ ; in X/
for each i € [r]4, then

M = RGSKI/KGL(X1> X e X RGSKI/KGL(XT) X G(V/)O

is a Levi subgroup of G' (here G(V')° is trivial when dim V' = 0). Every Levi subgroup of G arises
in this way, and any two such Levi subgroups that are isomorphic are conjugate under G(V').

We fix a pinning (B*,T%,{X}}sca) of G* by identifying it with G(V*)° for a suitable c-
Hermitian space V* over Ki, and choosing a complete flag of totally isotropic subspaces in V*.
Recall that a Whittaker datum for G* is a 7™ (K )-conjugacy class of generic characters of N*(K),
where N* is the unipotent radical of B*. Whittaker data for G* form a principal homogeneous
space over the finite Abelian group

E = Coker (G*(K) = G4(K)) = ker(H (K, Z(G*)) = HY(K,G*));

see [GGP12, §9]. The fixed pinning of G*, together with the additive character 1 g of K, determines
a Whittaker datum w for G*; see [KS99, §5.3]. When G is unramified, there exists a unique G(K)-
conjugacy class of hyperspecial maximal compact open subgroups compatible with to, in the sense
of [CS80]. In this case, “unramified representations of G(K')” refers to those unramified with respect
to such a hyperspecial subgroup.

We define the Witt tower associated with G: For each ng € [n(G)], let G(ng) denote the
reductive group (possibly the trivial group 1) of geometric rank ng, such that there exists a Levi
subgroup of GG isomorphic to

ReSKl/KGLn(G)ﬂLO X G(no)

[K71:K]

By [Tit79, §4.4],
e In Case O1, G(ng) exists if and only if ng >
e In Case 02, G(ng) exists if and only if ng > 1 — dgise(vy,1 - €(V),
e In Case U, G(ng) exists if and only if n(G) — ng is even and moreover ng # 0 when G is

non-quasisplit (i.e., when n(G) is even and €(V) = —1).
14
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We fix an isomorphism
~ SPn(e)(C)  in Case O1
G =<{S0n)(C) in Case 02,
GLy () (C) in Case U
and fix a pinning (f, B, {X4}) where T is the diagonal torus, B is the group of upper triangular
matrices, and {X,} is the set of standard root vectors. Let “G = G x Wi denote the Langlands

L-group in the Weil form, where W acts on G preserving the pinning, with the action as follows:
e In Case O1, Wx acts trivially on G.

e In Case 02, Wi acts via the quotient Gal(K (y/disc(@))/K). If disc(G) # 1 and G is
identified with the subgroup of SL(N(G), C) preserving the nondegenerate bilinear form on
C{v1,...,vn(@)} defined by

(Vi, V) = 6 N(G)+1—>
then the nontrivial element acts by conjugation via the element in O(N(G),C) that ex-
changes v, (@) and vy,(g)41 and fixes the others.

e In Case U, W acts via the quotient Gal(K;/K), where c € Gal(K;/K) acts by
g Jpg” ()7
Finally, note that G has a standard representation
Std = Stdg : G — GLy((C).
Let R
kG B(G)pas — X*(Z(G)5K)
denote the Kottwitz map [Kot85, Proposition 5.6], which induces an identification of H(K,G)
with X* (7r0 (Z (G)Galx )) There is a canonical isomorphism
HY(K,G) = B(G)pas = Z/2,
except in the case G = SO} = GL, where H(K,G) = 1 while B(G)pas = Z; see [GGP12, Lemma
2.1]. We exclude the case G* = SOL from now on. Except when G* =2 SOJ, every extended pure
inner twist of G* is canonically a pure inner twist. We henceforth exclude the case G* =2 SOJ.
For every b € B(G)pas, we may associate an extended pure inner twist (G, 0p, 25) as defined
in [Kot97, §3.3, 3.4], where
e Gy(K) = {g € G(K)|bog (g)b~! = g}, where b € G(K) maps to b € B(G)pas,

o 0p: G K = Gy, ®K K is an isomorphism over K, and

e 2, is a 1-cocycle in Z' (W, G,q) representing the class corresponding to b.
The pointed set H! (K, G) and the extended pure inner twists of G correspond bijectively to forms
V' of the space V with its sesquilinear form (—,—); cf. [KMRT98, §29D and §29E]. Choose an
extended pure inner twist (Gy, , 0py, 2p,) associated with by € B(G)pas such that

G =Gy,
For each b € B(G)pas, the inner twists gp, and g canonically identify é\b, G, and G*.

For every parabolic pair (M, P) of G, there exists a unique standard parabolic pair (M*, P¥)
of G* corresponding to (M, P) under gp,. This determines an equivalence class of extended pure
inner twists of M*, which we also denote by (op,, 25, )-

For each by € B(G*)pas, we write kyp, for the character of mo(Z (@)G¥K) corresponding to by under
the Kottwitz map. Since Z(G)%!% is finite, the Kottwitz maps for G and G* give isomorphisms
(2'2) B(G)bas = X.(Z(G)GalK) = B(G*)baS7
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which sends b to b + by; cf. [Kot85, p. 202]. In particular, Gy = G} 4.
There is an automorphism 6 of GG := Res i, /kGLN (@) given by

0(9) = Tnienc(9) ™ (Inea)
for
g c GGL(K) = GLN(G)(KI)

We fix a standard Galg,-invariant pinning (BY, TG { XSG} of GG stabilized by 6.

The quasisplit group G* determines an elliptic twisted endoscopic datum for GE* x 6, hence a
class in Eq (G x 0); see [Mok15, pp. 3-4, 7] in Case U and [Art13, §1.2] in Case O. Denote the
group OAutgar (G*) from (A.1) by OAuty(G*). Then OAuty(G*) is trivial in Case O1 and Case
U, and OAuty(G*) = Ogp(g+)(C)/ SOy, G+ (C) in Case O2.

We recall the followmg hst of isomorphism classes of elliptic endoscopic triples ¢ € Eu(G*)
from [Rog90, §4.6] and [Wall0], where we only describe G* and OAut(e):

e In Case U, G* = Uk, x(a) x Uk, k(). Here a,b € [n(G)] satisfy a +b = n(G), and
OAutg+(e) is trivial except when a = b, where there exists a unique nontrivial outer auto-
morphism swapping the two factors of Ge = GL, x GLy.

e In Case O1, G* = SOg4+1 X SOgp41. Here a,b € [n(G)] satisfy a+b = n(G), and OAutg-(e)
is trivial except when a = b, in which case there exists a unique nontrivial outer automor-
phism swapping the two factors of G* = Sp,,(C) X Spy,(C).

e In Case 02, G* = SO . X S0J,. Here a,b € [n(G)] satisfy a + b = n(Q), By = disc(G),
and moreover [ = 1f a=0 v=1 1f b =0, and (a,B8) # (1,1),(b,y) # (1,1). If
ab > 0, there exists an outer automorphism acting by conjugation action of an element
of 024(C) x Og(C) on the two factors of Gt 2 SO4(C) x SOs,(C). There are no other
nontrivial outer automorphisms except when a = b and disc(G) = 1, in which case there
exists one swapping the two factors of G¢ 22 SOq,(C) x SO (C), and so OAut(e) = Z/2x Z/2
in this case.

For each ¢ € E(G*), we fix a choice of “¢¢ as in [Wall0, §1.8], such that if G¢ = H; x Hy, then
Sth o L'¢t is conjugate to (Sth1 @ Sth2) o, where ¢ : “G® — L Hy x L'Hj is the natural inclusion.

Non-elliptic endoscopic triples ¢ € £(G*) are described similarly, in which case G* is a product
of groups of the same type as G with geometric rank smaller than n(G) and restrictions of scalars
of general linear groups, see for example [Ish24, §3.1.3] in Case O1.

2.2. The L-parameters. We recall the description of L-parameters for G and G*, and explain
their relation to conjugate self-dual representations of Weil groups. Let ®(G) denote the set of
L-parameters for G, in the sense of [Bor79, §8.2]. We describe this set explicitly below.

For each positive integer m € Z,, an L-parameter ¢ for GL,, g+ over any finite extension K'/K
may be regarded as an isomorphism class of m-dimensional representations of Wy x SLy(C).
Every such representation is isomorphic to a finite direct sum of representations of the form pXsp,
where p is an irreducible smooth representation of W+ and sp, is the unique irreducible algebraic
representation of SLy(C) of dimension a.

An L-parameter ¢ for GL,, over K7 is called conjugate self-dual and irreducible if ¢ is irreducible
and isomorphic to ¢? = (¢°)V as representations, where s € Wy is a lift of ¢ € Wg/ Wy, =
Gal(K1/K) and ¢° is the conjugate action ¢*(g) = ¢(sgs~!). Following [GGP12, §3], we introduce
the sign of a conjugate self-dual irreducible L-parameter ¢: There exists an isomorphism f : ¢ —» ¢’
such that (fV)* = b(¢)f for some b(¢) € {£1}. The value b(¢) is independent of the choice of f,
and is called the sign of ¢. If ¢ = p X sp,, where p is an irreducible representation of Wy, , then

b(¢) = b(p)(~1)*";

see [GGP12, Lemma 3.2], [KMSW14, §1.2.4].
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Then it follows from [GGP12, Theorem 8.1] and [AG17, p. 365] that there exists a natural
identification

{admissible ¢ : Wk, x SL2(C) — Spy () (C)}/ Spy () (C) in Case O1,
admissible ¢ : Wg, x SLa(C) — Og,(C)
)

®(G) = ®(G*) = { | such that det(¢) = (Artt (—),disc(V))k
{admissible ¢ : Wi, x SL2(C) — GLy () (C)

that is conjugate self-dual of sign (—1)”(G)_1

/ S02,(C) in Case 02,
} /GLy (@) (C) in Case U.

Here ¢ is called admissible if

e ¢(0k,) is semisimple,

® &1y, is smooth, and

® ¢|sr,(c) is algebraic.
Strictly speaking, in the definition of [Bor79, §8.2], an L-parameter for G is a homomorphism
from Wx x SLa(C) to “G up to G-conjugacy. In the description above, we instead encode such
a parameter by the corresponding homomorphism with source Wy, x SLy(C). Thus, by a slight
abuse of terminology, we will refer to this latter homomorphism as an L-parameter and denote it
by ¢. The associated parameter in the sense of [Bor79, §8.2] will be denoted by

¢* : Wg x SLy(C) — LG,

Then an L-parameter ¢ € ®(G*) is
e tempered (or bounded) if and only if ¢(Wk,) is a relatively compact subset of the target.
e discrete if and only if Im(¢) is not contained in the normalizer of a proper parabolic subgroup
of G*.

e semisimple if and only if it is trivial on the SLy(C)-factor.

e supercuspidal if and only if it is discrete and semisimple.
The subset of tempered (resp. discrete, resp. semisimple, resp. supercuspidal) L-parameters for
G* is denoted by @iemp(G*) (resp. Po(G*), resp. ®%(G¥), resp. P(G*)).

An L-parameter ¢ € ®(G*) can be regarded as an N(G)-dimensional conjugate self-dual
representation ¢Gl of Wi, x SLa(C) via the standard representation Stdg. ¢ is determined
by ¢CL in Case O1 and Case U, but only determined up to One) (C)-conjugation in Case 02;
see [GGP12, Theorem 8.1]. We can write ¢S as

¢%t = P migs & P 2mis & @ mi(di ® ¢7),

= =3 i€,
7,El¢ ’LEI¢ [

where m; are positive integers, and I;r, I(;, Js index mutually inequivalent irreducible representa-
tions of Wk, x SLy(C) such that

e fori e Ig, ¢; is conjugate self-dual with sign b(G).

e fori € I, ¢; is conjugate self-dual with sign —b(G).

e for i € Jyg, ¢; is not conjugate self-dual.
Then ¢ is discrete if and only if m; = 1 for i € I}, and I(; = Jy = . Moreover, we call ¢ a simple

L-parameter if it is discrete and #Ig =1.
For any ¢ € ®(G*), define

6= T1 €)% T Sran ()¢ T] 11, (0)
i€} i€l i€
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This group formally represents the centralizer of ¢ in G x Gal K'/K, where K " is a minimal splitting
field of G. Its formal component group is

&, == m0(Sh) = P (Z/2)es.

ieI;f

For each i € I;, let ef € Irr(Gi) be the character determined by

ef(e) = (=)™ (i,j € I]).
Writing tensor products of characters additively, we obtain
Irr(Gﬁs) = @ (Z)2)e; .
i€l
In Case 02, define
Se = Zz(o).
It is naturally a subgroup of Sg) of index at most two. The homomorphism
dety : Ggﬁ — Z/2, Z Tie; Z x; dim(¢;)
i€l i€l
has kernel
Sy = ker(dqe;t) = mo(Sg).

To unify notation, in Case O1 and Case U, set Sy := Si and G = Gg.
We define the central element

24 1= Z mie; € Gy,
i€l

and define the reduced component group
Sy =64/ (zs) .

When (G = Gy Obo> Zp,) 18 a pure inner form of G*, an L-parameter for G* is called (G, op,)-
relevant if every Levi subgroup “M of “G such that Im(¢) C “M is relevant, i.e., “M is a Levi
component of a (G, gy, )-relevant parabolic subgroup of *G; see [KMSW14, §0.4.2].

Let M be a standard Levi subgroup of G of the form

ReSKl/KGLnl X oo X ReSKl/KGLnk X G(?’Lo),

where
(K : K](ni + -+ +ng) +no =n(G).
Define the K;-group

MCL .= ResKl/K <G:Ln1 X oo X GLy, x GLN(G)n > .

n(G@) 0
Then (M) is canonically identified with the set of tuples (¢1,. .., x, ¢o), where

i € (I)(GLni,K1> and ¢g € ‘I’(GLN(G)

n(G) no, K1 )
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Then the canonical map ®(M) — ®(G) fits into the commutative diagram

a(M) — 5, p(acy)

[ ]

()t

O(G) —— ®(GM),
where the right vertical map is given by
(2.4) (G1,- - brrb0) = ¢ =@ BB P @] @ D Y.

2.3. The correspondence. We state the local Langlands correspondence for pure inner twist
(G, 0, z) of G*. In Case O1, it is established by Arthur [Art13] when G is quasisplit, and by Ishimoto
[Ish24, Theorem 3.15] when G is not quasisplit. In Case U it is established by Mok [Mok15, Theorem
2.5.1, Theorem 3.2.1] when G is quasisplit, and by Kaletha, Minguez, Shin and White [KMSW14,
Theorem 1.6.1] when G is not quasisplit. In Case U, more properties of this correspondence are
established in [CZ21b].

In Case 02, only a weak version of the local Langlands correspondence is established. This is
due to the intrinsic nature of the endoscopy method, because when G* is regarded as a twisted
endoscopic group of GLy(g), ¢ can only be recovered from #C up to On(a)(C)-conjugation
[GGP12, Theorem 8.1]. When G is quasisplit, the weak LLC is established by Arthur [Art13]
(see also [AG17, Theorem 3.6]), and when G is not quasisplit, it is established by Chen and
Zou [CZ21a, Theorem A.1].

To state the weak version in Case O2, for each pure inner twist (G = Gy, , 0vy 21,) of G*, We
introduce an equivalence relation ~¢ on II(G). Note that there exists an outer automorphism ¢
of G* which preserves tv: in fact ¢ can be realized as an element of the corresponding orthogonal
group of determinant —1; see [Tail9, p. 847]. Via g,, the element ¢ acts by a rational outer
automorphism on G; see [Artl3, Lemma 9.1.1]. For each 7 € II(G), its ¢-conjugate 7° is defined
by 7¢(h) = w(h®), and the equivalence relation ~ is defined by

T~ T
For each 7 € II(G), we write 7 for the image of 7 under the quotient map II(G) — II(G), where
II(G) := II(G)/ ~. It is clear that the sets Iliemp(G),II2(G) and Il (G) are preserved under
this equivalence relation, so temperedness, discreteness, and supercuspidality are well-defined for

equivalence classes 7 € II(G).
Similarly, we define

®(G*) = {admissible ¢ : Wk, x SLy(C) — On(e)(C)| det(¢) = (Artl}l(—),disc(V))K}/ON(G) (C),

together with a natural map ®(G*) — ®(G*). Note that if ¢; and ¢, are conjugate up to On(e)(C),
then ¢$ = ¢S In particular, ¢, ¢GL, qu, I, Je, Si, Sy, 6y, @¢, z¢ are well-defined functions for
b € &(G*). We also set ®(G) := O(G*).

For uniformity of notation, in Case O1 and Case U set ¢ = idg and II(G) = II(Q), ®(G) = ®(G).
Define a subspace H(G) C H(G) of test functions on G(K) as follows. In Case 02, following Arthur
[Art13], let H(G) denote the subspace of H(G) consisting of ¢-invariant functions on G(K); so that
irreducible smooth representations of 7:[(G) correspond to O(V)-conjugacy classes of irreducible
admissible representations of G(K). Similarly, for each ¢ € En(G), set

H(G") = H(G1) @ H(Ga),
since G* is a product of two (possibly trivial) even special orthogonal groups over K. In Case O1
and Case U, simply take H(G) = H(G) and H(G*) = H(G*).
We can now reformulate the local Langlands correspondence as follows.
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Theorem 2.3.1 ([Art13,Mok15, KMSW14, CZ21a, CZ21b,1sh24]). If (G = G}, 0by, 2b,) 15 a pure
inner twist of G*, then there exists a map

recg : (G) = ®(G)

withﬁnite fibers. For any ¢ € ®(G), we write ﬁqg(G) for rec;'(¢), called the (ambiguous) L-packet
for ¢. This map satisfies the following properties:
(1) If ¢ € ®(G) is not relevant for G in the sense of [KMSWI14, Definition 0.4.14], then

H(Z)(G) =J.
or each ¢ € & and 7 € I , T is tempered if and only i ~istempere,cm T 1S a
2) F h (G d (G d d onl d, and
discrete series representation if and only if ¢ is discrete.

(3) rece only depends on G but not on op, and zp,. For the fired Whittaker datum w of G*
which induces a Whittaker datum for each standard Levi factor of G, there exists a canonical
bijection

boby 2 115(G) = Irr(S g5 Kpy)
for each ¢ € ®(G), where Irr(& 55 k) is the set of characters n of &5 such that n(z5) =
kg (—1). We write @ = i by (0,1) if T € f[(z;(G) corresponds to n € Irr(S ) via i b, -

(4) (Compatibility with Langlands quotient) For ¢ € ®(G), suppose

s = (o) ea(sel-k) e e (del-I) e o (fel-Ik),
where
o ¢; € P2 temp(GLy, k) for each i € [r]4, where d; > 0,
i éO € &)temp(G*(nO)):
® 51 >85> 25 >0,
o [Ki:K|(di+ - +dy)+no=n(G).

Let 7; € I3 temp(GLa, k,) correspond to ¢; for each i € [r]y, then there is a canonical
identification

1;(G) = {12((71 @ V)R-’ (r, © 1) ’ 7o) |70 € ﬁéo(G(no))}.

Here P is a parabolic subgroup of G with a Levi factor
M = Resg, ) kGLg, X --- X Resg, /g GLg, x G(ng),
such that M = gp,(M*) where M* is a standard Levi subgroup of G*, and
LC;' (mnev" K. K(r o v")K)
is the unique irreducible quotient of
IS(nev)R---K(r, @) Ki),

whose ¢-equivalence class is well-defined in fI(G). Moreover, if wq is the induced Whittaker
datum on M*, there exists a natural identification S5 = &5, and tw,p,(T) = twe,by (Fo) if

F=T0(nov")K- K (e v")K).

(5) (Compatibility with standard ~-factors) Suppose @ € I(G) with ¢ = recg(7), then for any
quasi-character x of K*, viewed as a character of Wi and then restricted to Wi, ,

V(7@K 8) = 7% @ X, Dk, 3 5).
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Here the left-hand side is the standard ~v-factor defined by Lapid—Rallis using the doubling
zeta integral [LRO5] but modified in [GI14], and the right-hand side is the ~y-factor defined
in [Tat79].

(6) (Compatibility with Plancherel measures) Suppose 7 € I(G) with ¢ := recg(7), then for
any d € Z4 and any T € II(GLg i, ) with L-parameter ¢,
i (7@ 1 B T) =y(r @ (6 iy 58) - (0] @ 651, i), —s)
’ V(RG* o ¢r, Yk 25) ’ V(RG* © ¢7\{5¢;{17 _25)'
Here the left-hand side is the Plancherel measure defined in [GI14, §12] (cf. [GI16, §A.7]),
and in the right-hand side Rg+ is the representation
Sym? in Case O1
Re+ = { A2 in Case O2
AsCDYD i Case U

where As™ and As™ are the two Asai representations of Resk, /kGLn(q)-
(7) (Local intertwining relations) Suppose ¢ € ®(G) admits a decomposition
6t = or + 05" + 97,
where T € I3 temp(GLg k,) has L-parameter ¢, € ®(GLgk,), and do € @temp(G(n(G) —
[K1 : K]d)) is tempered. Let P < G be a mazimal parabolic subgroup with a Levi factor
M = Resg, )k GLg x G(n(G) — [K7 : K]d).

Assume that M = gp,(M™*), where M* is a standard Levi subgroup of G*, and let voq be the
induced Whittaker datum on M*. Then, for each ny € Irr(quo),

I]GD(T IE 7~Tm0,b0 (&07 770)) = @ ﬁm,bo (gg? 77)
n

as a H(G)-module, where 1 runs through characters of S that restrict to no under the
natural embedding 6(50 — 6(23. Moreover, if ¢ is conjugate self-dual of sign b(G), let

Rm (U), T 7:E-mo,bo (&07 770)) S EndG(K) (Ig(T X 7~Tmo,bo (&07 7]0)))

be the normalized intertwining operator defined in [CZ21a, §7.1] in Case O2 and in [CZ21D,
§5.2] in Case U, and in [Ish24, §4] in Case O1. Here w is the unique nontrivial element in
the relative Weyl group for M. Then the restriction of Ry (w, 7™, b, (¢o,m0)) to frmﬁo(qg, n)
is the scalar multiplication by

n(er) in Case O
n(eT)ngO(—l) in Case U

where e, is the element of GQ; corresponding to ¢r.

Remark 2.3.2.
(1) The independence of recg with respect to p and z is established in Case O by [CZ21a,
Remark 4.6(2)] and in Case U by the argument before [CZ21b, Theorem 2.5.5].

(2) The compatibility of recg with standard ~-factors and Plancherel measures can be used
to characterize recg and show compatibility with LLC constructed via exceptional isomor-
phisms in low dimensions, via [GI16, Lemma A.6]. For example, in Case O2, when G is
quasisplit, it is shown that the construction of Chen—Zou using theta correspondence is
compatible with that defined by Arthur [CZ2la, Theorem 9.1], and in Case U, when G
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is quasisplit, it is shown that the construction of Chen—Zou using theta correspondence is
compatible with that defined by Mok [CZ21b, Theorem 7.1.1].

(3) The local intertwining relation can be used to characterize the finer structure of L-packets,
i.e., twp,- In Case Ol, it follows from [Art13, Proposition 2.3.1 and Theorems 2.2.1, 2.2.4,
2.4.1 and 2.4.4] when G is quasisplit and follows from the corresponding propositions in
[Ish24, §4] when G is not quasisplit. In Case U, it follows from [Mok15, Theorem 3.2.1,
3.4.3] when G is quasisplit and [CZ21b, Theorem 2.5.1] when G is not quasisplit. In Case
02, it follows from [Art13, Proposition 2.3.1 and Theorems 2.2.1, 2.2.4, 2.4.1 and 2.4.4]
when G is quasisplit and follows from [CZ21a, Theorem A.1] when G is not quasisplit. For
the details, see, for example, [Ato17, Theorem 2.2].

(4) Note that in Case U, the LLC stated in [Mok15] and [KMSW14] is compatible with the
arithmetic normalization of the local class field theory instead of the geometric normaliza-
tion of the local class field theory, i.e., the Artin map sends a uniformizer to an arithmetic
Frobenius class rather than to a geometric Frobenius class. One can pass between the two

normalizations by using the compatibility of local Langlands correspondence with contra-
gredients [Kall3]; cf. [BMN23, Theorem 2.5].

We will always call this correspondence the classical local Langlands correspondence (LLC), as
opposed to the Fargues—Scholze local Langlands correspondence to be defined in §3.
For later use, we define what a local functorial transfer is from G to GG

Definition 2.3.3. Let 7 € II(G) have classical L-parameter é. The unique irreducible admissible
representation 76 € TI(GST) whose classical L-parameter satisfies ¢ cr. = ¢C is called the local
functorial transfer of m.

We also need certain endoscopic character identities for the local Langlands correspondence.
In Case O1, they are established by Arthur [Art13, Theorem 2.2.1] when G is quasisplit, and by
Ishimoto [Ish24, Theorem 3.15] when G is not quasisplit. In Case U, they are established by Mok
[Mok15] when G is quasisplit, and by Kaletha, Minguez, Shin and White [KMSW14, Theorem
1.6.1] when G is not quasisplit. In Case 02, they are established by Arthur [Art13, Theorem 2.2.1]
when G is quasisplit, and are established by [Pen25, Theorem A] when G is not quasisplit. We
adopt the notation for endoscopy from §A.

Theorem 2.3.4. Fiz a pure inner twist (G = G}, 0y, 2b,) of G*.
(1) Suppose ¢ € En(G) and ¢° € P2 temp(G*) with ¢ = Leto ¢t and s* € Sy = &4. Then each
f € H(G) has a transfer f& contained in H(G*), and

S w(fHRE) =e@) Y @) (FI7).

el (G°) 7ellz (@)

Here e(G) is the Kottwitz sign of G as defined in [Kot83], Alw, ¢, zp,] is the transfer factor
normalized in §A.2, and 115 (G*) is defined to be the (ambiguous) L-packet associated with
¢ as before.?

In particular, by the Weyl integration formula and its stable analogue (cf. [HKW22, Ap-
pendix A.1, especially (A.1.2)]),* the preceding distributional identity is equivalent to

> A, e, 25 (h, 9)SOz: (h) = €(G) D two (7)(57)O(g)
R€G®(K)s.reg/G¢ (K)-conj ﬁ'El:IJ)(G)

3This L-packet is well defined because G* is a product of special orthogonal or unitary groups.
4See also [AK24, Lemma 2.11.2] for the same Weyl-integration formula argument.
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for any strongly regular semisimple element g € G(K )s.reg, where

SO = > e
ﬁ‘eﬁ(j’;e (Ge)

and O is the average of O, where w runs through the preimage of © under the map
II(G*) — II(G*).

(2) For any tempered L-parameter = @temp(G*), if fGV € H(GCY), then fCV has a transfer
* to G* contained in H(G*), and

S (f1p) = tra(fmgen)-

pellz(G*)
Here the right-hand side is the 0-twisted trace, and TgaL € H(GGL) 1s associated with the L-

parameter ¢S via LLC, and the left-hand side is a stable distribution of f*, i.e., it depends
only on the stable orbital integrals of f*.

Finally, we remark that the classical local Langlands correspondence for inner twists (or rather
K-groups) of special orthogonal or unitary groups over R and (ordinary) endoscopic character
identities are known in complete generality [ABV92, Vog93, She08, Shel0, Art13], where we replace
irreducible admissible representations by smooth Fréchet representations of moderate growth whose
associated Harish-Chandra modules are admissible, as introduced by Casselman [Cas89] and Wal-
lach [Wal92]. Moreover, the twisted endoscopic character identities are known by Arthur [Art13].
The real case is analogous to the p-adic case, except that there are more inner twists. In fact, we
will only use results concerning discrete series L-packets. For a modern exposition in the discrete
series case, see [AK24].

2.4. Compatibility with parabolic induction. In this subsection, we recall the definition of
extended cuspidal support of a discrete series representation of G(K), and deduce a compatibility
property of the classical semisimplified L-parameters with parabolic induction. In Case U, the
assertion is established in [MHN24, Proposition 2.11], but our proof is slightly simpler than the
proof given there.

First, we recall that it is a theorem of Bernstein and Zelevinsky [BZ77, Theorem 2.5, Theorem
2.9] that all irreducible smooth representations of G(K) can be constructed by parabolic induction
from supercuspidal representations:

Theorem 2.4.1. For any irreducible smooth representation m € II(G), there exists a unique pair
(M, o) up to conjugacy by G(K), where M is a Levi component of some parabolic subgroup P < G
and o € T (M) is a supercuspidal representation, such that m is a subrepresentation of 15(c).
Such pairs (M, o) are called cuspidal supports of 7.

For a discrete series representation 7 € I3 temp(G), we write 791 € I(GLy(@),k,) for the

representation corresponding to the L-parameter QZBSL, and write SuppCusp™ (7) for the cuspidal

support of 7L, called the extended cuspidal support of .

Lemma 2.4.2. If 7 € I3 temp(G) is a discrete series representation, and if (M, myr) is a cuspidal
support of 7, then SuppCusp™ (mas) = SuppCusp™ (7).

Proof. If G is quasisplit, this is established in [Moel4, p. 309]. We note that by the endoscopic
character identities Theorem 2.3.4, the classical L-packets are the same as the L-packets defined in
[Moel4, §6.4]. For details, the reader is referred to [MHN24, Proposition 2.10].
When G is not quasisplit, in view of the endoscopic character identities Theorem 2.3.4, we can
reduce the theorem to the quasisplit case using the alternative definition of SuppCusp™(7) via
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Jacquet modules [Moel4] and the fact that transfers are compatible with parabolic induction and
the formation of Jacquet modules; see [She82, Proposition 3.4.2] and [Moel4, §2.6]. O

Proposition 2.4.3. If P < G is a proper parabolic subgroup with Levi factor M, mp € II(M) with
semisimplified L-parameter o5, : Wk, — LMD and 7 € II(G) is a subquotient of the normalized
parabolic induction I}C;’:(WM), then the semisimplified L-parameter qurs s given by
- P,

o Wk, —5 M = LG
Proof. First, the assertion for general linear groups follows from the compatibility of the local
Langlands correspondence for general linear groups with cuspidal support, by a result of Bernstein
and Zelevinsky; cf. [Rod82, Théoreme 4]. We argue by induction on n(G).

For nested Levi subgroups M; < Ms, write

L . L L
LMy Mo * M1—> MQ

for the canonical L-homomorphism.

We first reduce to the case in which (M, 7)) is a cuspidal support of m. Let (M’ ) be a
cuspidal support of 7). Transitivity of normalized parabolic induction implies that (M’ 7y) is
also a cuspidal support of w. By the induction hypothesis applied to the classical-group factor of
M, together with the general linear case,

7ss LL o 7ss
T T YM M Tt "

Consequently, once the assertion is proved for the cuspidal support (M’, 7y;) of 7, we obtain

i} . i} . )
P = Uir.a© Py, = 3,6 © Doy

We may therefore assume that (M, /) is a cuspidal support of .

Suppose first that 7 is non-tempered. By the Langlands classification of irreducible representa-
tions in terms of irreducible tempered representations (see [Sil78] and [Kon03, Theorem 3.5]), there
are a parabolic subgroup P;, < G with Levi factor

My = ReSKl/KGLd1 X oo X ReSKl/KGLdT X G(no),

tempered representations 7; € Iiemp(GLg, i, ) and 7 € Iiemp(G(no)), and real numbers s; > --- >
s > 0, such that 7 is the unique irreducible quotient of

I (o) K(rev") ).
Compatibility of the classical correspondence with Langlands quotients, Theorem 2.3.1, gives
1G r G
= (pnol-) @ o (o 0I5 ) © 55>
o (¢ el-l) e o (s @I

The general linear case and the induction hypothesis for G(ng), together with transitivity of nor-
malized parabolic induction and uniqueness of cuspidal support, now give the desired formula for
gz,

We may henceforth assume that 7 is tempered. By the classification of tempered representations
of classical groups [Janl4], there are a Levi subgroup My < G and a discrete series representation
o € Iy temp(M1) such that 7 is an irreducible constituent of IgL (o), and

- I -
O = LMy,G° bo-
5The L-parameter q;ffM is well-defined because M is the product of a special orthogonal or unitary group with

restrictions of general linear groups.
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More explicitly, if 7 is not a discrete series representation and we write

o3 = P midi & P 2midi & EP mi(d: @ ¢7),
ieI;{ i€l 1€y
as in §2.2, then either m; > 1 for some i € Ig or m; > 0 for some i € I(; U Jd3' In either case we
can write
G = br + 00y + 07,
where 7 € IIs temp(GLqg K, ) is a discrete series representation and 7y € Hiemp (G (n(G) — [K1 : K]d))
is tempered. Then it follows from the local intertwining relations, Theorem 2.3.1, that 7 is a
subrepresentation of I}qL (1 ® mp), where P, < G is a maximal parabolic subgroup with Levi factor

My, = ReSKl/KGLd X G(TL(G) — [Kl : K]d)

If My is proper, its classical-group factor has geometric rank strictly smaller than n(G). The
induction hypothesis applied to o, followed by transitivity of the canonical L-homomorphisms,
proves the assertion for w. Thus it remains only to treat the case in which 7 is a discrete series

representation.
Write
M = Resg, /kGLg, X -+ X Resg, /g GLq, x G(ng)
and
TM=TI® QT @m € ls(M).
Let

MSY = Resg, /kGLg, X -+ x Resg, /g GLg, X ReSKl/KGLMG)nO
n(G)

X ReSKl/KGLdT X oo X ReSKl/KGLdI,

which is a Levi subgroup of GGV, The diagram (2.3), together with (2.4), identifies the image of

NerM in ®%(@G) with a semisimple parameter for MS".

Let
v, € I(MSY) and 7 e II(GCY)

be the representations corresponding, respectively, to
(Gmp )57 and - gk,

These representations need not be tempered. By Lemma 2.4.2, the full general linear transfers
associated with 7wy, and 7 have the same cuspidal support. In the general linear case, replacing a
Weil-Deligne parameter by its semisimplification does not change the cuspidal support. Hence 73,
and 7¢ have the same cuspidal support. Compatibility of semisimplified general linear parameters
with parabolic induction therefore gives

(ggﬂ'M )<S>S’GL = dsirS’GL'

Finally, the standard representation determines the corresponding class in @SS(G), including in
Case O2 after passage to Oy () (C)-conjugacy. Thus

7ss

7ss _ L
¢ﬂ' _[’M,GO T

as required. 0
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2.5. Supercuspidal L-packets. We recall a result of Mceglin and Tadié¢ that characterizes super-
cuspidal L-parameters in terms of their corresponding L-packets.

Let ¢ € ®3(G*) be a discrete L-parameter. We write Jord(¢) for the set of irreducible subrep-
resentations of Wy, x SLg(C) contained in ¢GL.

An L-parameter ¢ is said to be without gaps if for every p&sp, € Jord(¢) with a > 2, one also

has p X sp,_o € Jord(¢).
We recall the following characterization of supercuspidal representations of G(K):

Proposition 2.5.1. Suppose ¢ € ®o(G*) is a discrete L-parameter and n € Irr(@(;)) view as a
character of S, via inflation., then 7~rm71(q§, n) € l:IQ;(G*) is supercuspidal if and only if the following
two conditions hold:

e ¢ is without gaps,

o n(epmsp,) = —nN(eprsp, ,) for each p W sp, € Jord(¢) with a > 2, where we assume that
U(ep&spo) =1

Proof. This is established in Case O in [Moe02, MT02], see also [Moell, Theorem 1.5.1] and [Xul7,

Theorem 3.3, and in Case U in [Moe07, Theorem 8.4.4]. Note that by endoscopic character

identities Theorem 2.3.4, the LLC defined in [Mok15] is the same as the LLC defined in [Moe07];
cf. [MHN24, Proposition 2.10]. O

We then obtain the following corollary characterizing supercuspidal L-packets:

Corollary 2.5.2. For a discrete L-parameter ¢ € ég(G*), 1:[(5(6‘*) consists of supercuspidal repre-

sentations if and only if ¢ is a supercuspidal L-parameter.

Proof. If ¢ is supercuspidal, then clearly it is without gaps, and it follows from Proposition 2.5.1
that II J)(G*) consists of supercuspidal representations.

Conversely, suppose II (g(G*) consists of supercuspidal representations, then ¢ is without gaps

by Proposition 2.5.1. If pXsp, € Jord(¢) and a > 2, then there exists a character n of S such that
n(zg) = Land n(epmsp, ) = 1(€pxsp,_,)- So it follows from Proposition 2.5.1 that Troa(d,n) € ﬁ$(G*)

is not supercuspidal, contradiction. Thus we conclude that a = 1 for each pXsp, € Jord(¢), which
means that ¢ is supercuspidal. ]

2.6. Combinatorics on L-parameters. Following [MHN24, §2.2.4], we give a combinatorial de-
scription of discrete L-packets that will be used in the explicit computations in the proof of the
Kottwitz conjecture.

For b € B(G)pas, if ¢ € ®o(G*) is a discrete L-parameter and 7 € ﬁq;(G),ﬁ € fIq;(Gb), we can
define a character

6[ﬁvﬁ] = Ly by (ﬁ-)v ® Lm7b0+b(ﬁ) € II‘I’(G(Z)),
which can be thought of as measuring the relative position of 7 and p. This character is independent
of the Whittaker datum tv and also by, because changing those shifts ¢y, by a character of & 3
[HKW22, Lemma 2.3.3].

Let by € B(G)pas be the unique nontrivial basic element. Because ¢ is discrete, the packet II (z;(G)
(resp. ﬁd“;(Gln)) has size #6 ;/2 and corresponds via typ, (TeSpP. tw,bo+b,) to those characters n of
S such that n(z;) = Ky, (—1) (resp. n(z5) = —rKp,(—1)).

Write 3

Gl =1 ® - DGO b1 B D Py,
where the ¢; are irreducible representations of Wy, x SLa(C) and dim ¢; is odd if and only if i < k.
For subsets I, J C [r]+, define their symmetric difference by

IeJ=I~J)U(J~I),
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In Case 02, define an equivalence relation ~j on Z([r]+) by
LH~cplo <= Ih=1, or 1 =1 [k]+

Then we can define the symmetric differences of equivalence classes in Z([r]+)/ ~. Note that we
can talk about parity of cardinality of equivalence classes of Z([r]y), because k is always an even
number in Case O2.
To unify notation, in Case O1 or Case U, let ~j be the trivial equivalence relation. There is a
bijection
P([r]4)/] ~r— Trr(&), 1] — = el

i€l
via the map
1] € P(rl4)/ ~e— =Y e € Irr(&
i€l
The right-hand side is independent of the representative I of [I]. If
-1)—1

w1 =" D" anoa )

set ~
1) 7= b0 (0, 1117)-
If
-1 1

#i) = "D  noq )

set B
(1) *= T ,bo+b1 (D5 71))-

For any [I],[J] € Z([r]+)/ ~k, we then have

S[7m, 7l = e = D -

ielpJ
Let p1 € Xo(G) be the dominant cocharacter given by
diag(z, 1,...,1 ) in Case U
———
d(G)—1-many
2.5 — )
(25) : diag(z, 1,...,1 ,2z7!) in Case O
———
d(G)—2-many

(i.e., p1 = wy in the standard notation), where in Case U we use the standard realization of G =
GLn(G) 7> and in Case O we use the standard realization of G as the subgroup of SL, d(G) | Preserv-

ing the nondegenerate bilinear form on K {v1, .. vd(G)} defined by (v;, fu]> (1+ (5”)5z d(G)+1—j-
Then the highest weight tilting module 7, of G is the representation Sth of G.

Theorem 2.6.1. Let ¢ € ®o(G) be a discrete L-parameter with a decomposition
G =1 @ DD 1 D D Gy,

where the ¢; are distinct irreducible representations of Wr, x SLa(C) of dimension d;, and d; is
odd if and only if i < k. Let by € B(G)pas be the unique nontrivial basic element. Suppose that

p= 77'[[} € ﬁ&(Gbl),
and write T = 7y € f[d;(G). Then
Home, (37,7, 6°") = B o
telr]+

[J=[e{t}]
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as representations of Wg, x SLa(C).
In particular, the direct sum on the right has at most one summand, except in Case O2 with
k = 2. In that exceptional case,

e {1}] =[I®{2}],
and the corresponding summand is ¢1 D ¢2.
Proof. By the preceding description,
8[7, Pl = Mreq-
The group & 3 acts on the summand ¢; of ¢S through the character e/ = nigty)- Hence
Home, (0[7, p], 1) # 0 <= nyre.s) = ey
= [ & J]=[{t}]
— [J] =& {t}].

This proves the displayed direct-sum formula.
It remains to determine when two different indices can contribute. If

To{til=To{u] EF#uw),

then the equivalence relation must be nontrivial, so we are in Case O2, and

ftu} = K.
Since the left-hand side has cardinality two, this is possible exactly when k = 2 and {t,u} = {1,2}.
Thus the only repeated class contributes ¢1 & ¢s. [l

3. LOoCAL LANGLANDS CORRESPONDENCE VIA MODULI OF LOCAL SHTUKAS

In this section, we review the construction of the Fargues—Scholze local Langlands correspon-
dence.

Let p be a rational prime, let K/Q, be a finite extension, and let G be a connected reductive
group over K. Let ¢ be a rational prime different from p, and let A € {Q,F,} be such that
#m0(Z(G)) is invertible in A.% Fix an isomorphism ¢, : C — Qy sending the chosen complex square
root of p to a chosen square root in Qy, whose reduction determines a square root in [Fy.

We use L-groups and L-parameters with A-coefficients. Let ®(G,A) denote the set of L-
parameters

Wi x SLa(A) — LG(A),
and let II(G, A) denote the set of irreducible smooth representations of G(K) with coefficients in A.

3.1. The correspondence. We briefly recall the construction of the Fargues—Scholze local Lang-
lands correspondence. The Kottwitz set B(G), as defined in [Kot85], consists of ypx-equivalence
classes of G(K), i.e.,

b~b <= b =g 'bpk(g) for some g € G(K).
Each element b € B(G) is determined by two invariants: The Kottwitz invariant xg(b) and the

9]

G(K)-conjugacy class of its slope homomorphism (or Newton map)
Vp : D ) G I8

where D is the pro-algebraic diagonalizable group whose character group is Q.

An element b € B(G) is called basic if 1}, is central in G; the set of basic elements in B(G)
is denoted B(G)pas. An element b € B(G) is called unramified if it lies in the image of the map
B(T) — B(G) for some maximal torus T < G. Denote by B(G)u, C B(G) the subset of unramified

6This is the coefficient hypothesis used in [FS24] to avoid additional complications in the f-modular setting.
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elements. These are precisely those b € B(G) for which the twisted centralizer G, is quasisplit;
see [Ham24, Lemma 2.12].

We recall some material from [SW20] and [Far16] regarding the relative Fargues—Fontaine curve.
For any S € Perfd,, the associated Fargues—Fontaine curve Xg is defined as in [FF18]. When
S = Spa(R, R") is affinoid with pseudo-uniformizer w, the adic space Xg is defined as follows:

Yg = Spa(Wo, (R")) ~ {p[w] = 0},

X5 =Ys/¢ok,
For any affinoid perfectoid space S over k, the following sets are canonically in bijection:
(1) Spd(K)(S),
(2) Untilts S* of S over K,

(3) Cartier divisors of Yy of degree 1.
For any untilt S* of S, we denote by Dg: C Yg the corresponding divisor.

By [FS24, Theorem II1.0.2], the presheaf Bung on Perfdz, which assigns to each S the groupoid
of G-torsors on Xg, is a small Artin v-stack. For any S € Perfdy, there exists a functor b — &P
from the category of isocrystals with G-structure to Bung(.S). When S = Spd(&), this map induces
a bijection from B(G) to the set of isomorphism classes of G-bundles on Xg. More precisely, there
exists a homeomorphism |Bung| — B(G) sending £ to b; see [Far20, Ans23, Vie24].

For any b € B(G), the sub-functor

Bun? := Bung X |Bunc|{P} C Bung

is locally closed. Tt can be identified with the classifying stack [Spd(%)/Gp], where Gy, denotes the
v-sheaf of groups given by S — Autx,(EP); see [FS24, Proposition 111.5.3]. The natural morphism
Bun2 — [Spd(%)/Gp(K)] induces equivalences of categories

D(Gp, A) = Dy ([Spd(%)/Gp(K)], A) = Dyjs(Bun2, A),

see [FS24, Theorem VIL.7.1].

Writing iy, for the inclusion Bun® C Bung, any 7 € II(Gp, A) may be regarded as an object in
Dyis(Bung, A) via the extension by zero (i), which is well-defined by [FS24, Proposition VII.7.3,
Proposition VIL.6.7]. Moreover, when b is basic, the map Bun2 — [Spd(%)/Gp(K)] is an isomor-
phism; see [F'S24, Proposition 111.4.5].

We now introduce the Hecke operators. For each finite index set I, let Rep,(YG!) denote
the category of algebraic representations of I copies of “G(A) over A, and let Div! be the I-fold
product of the mirror curve Div! := Spd(K)/¢%. The diamond Div' represents the functor that
sends S € Perfdz to the set of degree 1 Cartier divisors on Xg.

We then have the Hecke correspondence diagram

Hkg s
(3.1) ;7 \’ﬁxSuPp :
Bung Bung % Div!

where Hkg ; represents the functor sending S € Perfdz to the groupoid of tuples
(&1, &2, B, (Di)ier),
where D; C Xg are Cartier divisors, &1, & are G-torsors on Xg, together with an isomorphism
B 51|XS\UZ'€ID1' — 52|XS\U'L€ID1"

The morphism A" sends the tuple to &1, while h™ x Supp sends it to (€2, (D;)icr)-
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For each W € Rep, (L'G!), Fargues and Scholze define a solid A-sheaf Sf;, € Dm(Hkg 1, A) via the
geometric Satake correspondence; see [FS24, Theorem 1.6.3]. The corresponding Hecke operator

(3.2) TW : Dlis(Bung, A) — Dn (BunG X DiVI, A) A~ R(h_) X Supp)u(hF*(A) ®L SI,/V)
Here R(h™ x Supp)y is the natural push-forward, left adjoint to restriction; [FS24, Proposition
VIL.3.1]. The results of [FS24, Theorem 1.7.2, Proposition 1X.2.1, Corollary I1X.2.3] show that,
after taking the geometric fiber over Div! used in the construction of excursion operators, this
object is lisse and carries a canonical continuous WII{—action. By abuse of notation, we therefore
also write
I

Tw : Dijis(Bung, A) — Dyjs(Bung, A)BWK

for the resulting functor.

For any 7 € II(G, A), the Fargues—Scholze L-parameter
excursion operators on 7. Consider a tuple

(-[7 VVa (Wi)iE[a «, B))

FS

. is extracted from the action of

where
e [ is a finite index set, and Ay : “G — G’ for the diagonal embedding;

(rw, W) € Rep, (¥G') is an algebraic representation;

v; € Wi for every i € I

a:l— ATW, B AW — 1
are morphisms in Rep, (©G).
The associated excursion operator is the natural transformation of the identity functor given by

(vi)ier

T
id =Ty % Tasw = Ty Ty = Tasw —» Ty = id.

Evaluating this natural transformation at 7 gives a scalar by Schur’s lemma. The relations among
these scalars, together with Lafforgue’s reconstruction theorem [Laf18, Proposition 11.7], determine
the Fargues—Scholze parameter ¢£> : Wx — L'G(A) characterized by the requirement that the above
excursion operator acts on 7 through the scalar defined by

rw ((¢5° (7)),
p gy 20Dy ey
See [FS24, Definition/Proposition I1X.4.1].
Then Fargues and Scholze [F'S24, Theorem 1.9.6] showed that their construction has various

desirable properties:

Theorem 3.1.1. The Fargues—Scholze LLC recE® : TI(G,A) — ®%(G,A) satisfies the following
compatibility properties:
(1) (Compatibility with local class field theory) If G is a torus, then recgS is the usual local
Langlands correspondence for tori constructed from local class field theory,

(2) (Compatibility with natural operations) rect> is compatible with character twists, central
characters, and taking contragredients,

(8) (Compatibility with products) If G = Gy x Gg is a product of two groups and 7; € II(G;, A)
for each i € {1,2}, then recES(m KM my) = recgf(m) X recgg(m),

(4) (Compatibility with central extensions) If G' — G is a map of reductive groups inducing an
isomorphism on adjoint groups, m € II(G,A), and ©' € (G, A) is an irreducible admis-

sible subquotient of m|g/(k), then recg,s(ﬂ") is given by recgs(ﬂ') composed with the natural

map YG(A) — FG'(A). In particular, 1recg7QJ commutes with contragredients and Chevalley
involutions.
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(5) (Compatibility with parabolic induction) If P < G is a parabolic subgroup with Levi factor
M and my € II(M,A), then for any subquotient w of the normalized parabolic induction
I1S(mm), recES(m) ds given by the composition

recES (mwv)

Wi EM(A) — FG(A),
where “M(A) — “G(A) is the canonical embedding.

(6) (Compatibility with Harris—Taylor/Henniart LLC) If A = Qp and G = GL,, then recg%n
coincides with the (semisimplified) local Langlands correspondence given by Harris—Taylor
and Henniart in the sense of Theorem A.

(7) (Compatibility with Weil restriction) If G = ResK//KG/ for some reductive group G' over a
finite extension K'/K, then recg; () = recg® (r)|w,., for any w € TI(G',A) =TI(G, A).

(8) (Compatibility with contragredients) For m € 11(G, A), we have recE>(r") = Uz (recgs(ﬂ));
see [FS24, Proposition 1X.5.3]. Here we recall that for each Borel pair (g,?) of é, there

~

exists a Cartan involution (also called the Chevalley involution) Uz of G which preserves

the fized pinning and acts ast — wo(t~!) on 'T', where wq is the longest Weyl element taking
B to the opposite Borel group. 196 extends to an involution of “G because the action of Wi

on G preserves the pinning.

(9) (Compatibility with reduction modulo £) If 7 € T1(G,Qy) admits a G(K)-stable Z;-lattice,
and the reduction modulo £ representation of m has an irreducible subquotient 7, then
rectS(m) : Wi — LG(Qy) factors through *G(Z), and its reduction modulo ¢ equals
rectS(7'); see [FS24, §1X.5.2].

Moreover, Hansen, Kaletha and Weinstein established in [HKW22, Theorem 6.6.1] that the
Fargues—Scholze LLC coincides with the usual (semisimplified) LLC for inner forms of general
linear groups given in [DKV84, Rog83] via the Jacquet—Langlands correspondence.

When Gf is an inner form of GL, and G = [Gﬁ, G*], the local Langlands correspondence con-
structed in [GK82, Tad92, HS12, ABPS16] assigns to each n# € TI(G*) a parameter ¢_: with the
property that, for any irreducible admissible subrepresentation m C ﬁﬁ\G( K), ¢r equals ¢y com-
posed with the natural map “G# — LG. This prescription uniquely determines the local Langlands
correspondence for G, since every m € II(G) occurs as a subrepresentation of Wﬁ|G( k) for some
7t € TI(GY), by [GK82, Lemma 2.3].

Combining the compatibility of the Fargues—Scholze LLC with the LLC for inner forms of
general linear groups with its compatibility under homomorphisms inducing an isomorphism on
adjoint groups (see Theorem 3.1.1), we obtain the following.

Proposition 3.1.2. Let G be an inner form of SLy over K for some positive integer N € Z.,
and suppose that A = Qp. Then the Fargues—Scholze LLC is compatible with the LLC constructed
in [GK82,Tad92,HS12, ABPS16] in the sense of Theorem A.

Proof. Choose an inner form G* of GLy such that [Gf, Gf] = G, and let
g:F Gt — LG

be the natural map. Let 7 € II(G). By [GK82, Lemma 2.3], there exists 7* € II(G*) such that 7
is an irreducible constituent of 7rﬁ|G( K)- By the construction of the classical LLC for inner forms of
SLy, recg(m) = q o recg: (7) up to G-conjugacy.

On the other hand, the compatibility of the Fargues—Scholze LLC under maps inducing an
isomorphism on adjoint groups, as stated in Theorem 3.1.1, gives

rece () = q o rects (7).
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By [HKW22, Theorem 6.6.1], the Fargues-Scholze LLC for G! agrees with the semisimplification
of the classical LLC. Consequently,

rectd(nr) = qo recgg(wﬁ)

= qorecg (m*)®

= (q o recgs (Trﬁ))ss
= recg(m)™.

This is precisely the compatibility asserted in Theorem A. O

3.2. Local shtuka spaces. In this subsection we introduce the local shtuka spaces whose coho-
mology will be one of the main objects of study of this paper.

Let G* be the quasisplit inner form of G with a fixed Borel subgroup B* containing a maximal
torus T*, and let u be a dominant cocharacter of G% with reflex field E,. We first recall the
notion of neutral y-acceptable elements from [RV14, Definition 2.3]: Let uf be the image of p in

X* (Z(@)Galf(>, and let
1

= X. T* +,GalK‘
e L e X
’YEG&]K/GalEH

For by € B(G*), define the set of neutral p-acceptable elements by
(3.3)  B(G*,bo, ) :={b € B(G")|ri+ (b) — kig+(bo) = i, 1 — (vp — 1y,) € Ry ®¥(G*, T*)*}

where we regard the Newton maps v, v, : D(Q) — GJ- as elements of X.(T*)é’GaIK.

For example, for the quasisplit group G* defined in §2.1 with a pure inner twist
(G = Gy, 005 2b,) and the geometric cocharacter p; € Xo(G*) defined in §2.6, the unique
basic element by € B(G*, by, 41)bas 18 just the unique nontrivial basic element by of B(G)pas under
the isomorphism (2.2).

We then recall Scholze’s definition [SW20, §23] of the local shtuka space in the basic case:
For each by € B(G*)pas and b € B(G*, by, 14)pas, the local shtuka space Sht(G*, b, by, 1) is a local
spatial diamond over Spd(f( E,) that represents the functor that maps S € Perfd E, to the set of
isomorphisms

v 5b\XS.,\DS = 5b0|XSb\D57
of G*-bundles that are meromorphic along the divisor Dg C Xg and bounded by p pointwise on
Spa(S), as defined in [HKW22, p. 11].7
The automorphism groups of £ and P are the constant group diamonds G (K) and G, (K),

respectively, so Sht(G*, b, by, i) is equipped with a commuting action of Gj(K') and Gy (K) by pre-
and post-composing on .

We record the compatibility of the local shtuka space under Weil restrictions. Let K/K( be an
unramified extension and set Gj = Resg/x,G*. Suppose that, under the identification

Hom(K,Ko)

the cocharacter pyg is trivial on every factor except one, where it equals a cocharacter p of G% Then
to and g have the same reflex field. For by € B(G{)pas and b € B(G§, bo, f40)bas, use the natural

"We note that our definition of Sht(G*, b, bo, 1) agrees with the definition in [Ham25, §3.1], [MHN24, §2.3.2], [Ham24,
§10], but differs from the definitions in [SW20] and [HKW22, Definition 2.4.1] by changing u to x~'. Our definition
simplifies certain presentations.
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isomorphism B(G{j) = B(G*) to regard by and b as basic elements of B(G*). The definitions then
give a natural isomorphism of diamonds
Sht(G", b, by, p) = Sht(Gg, b, bo, 410)-

For each compact open subgroup K < G, (K), we define Shtg (G*, b, bg, 1) = Sht(G*, b, by, u) /K,
which is also a locally spatial diamond defined over Spd(K E),) [SW20, Theorem 23.1.4]. Let S}, be
the A-sheaf corresponding to the highest weight Tilting module 7, € Rep A(é;) via the geometric
Satake equivalence [FS24, Theorem 1.6.3]. There is a natural map

pr : Sht(G*, b, by, 1) — Hke- 1,

and we denote the pullback of S/: along pr by §,. Note that pr factors through the quotient of
Sht(G*, b, b, i) by the actions of Gj(K) and Gy (K), so S, is equivariant with respect to these
actions. We define
RI'(Shty (G*,b,bg, 1), Sy) = ligRFc(U, Su)
U

where U runs through quasi-compact open subsets of Shty (G*, b, by, 1), and also
RT.(G*,b,bg, u) := thFc(Shtg{(G*, b, bo, 1), Sp)
174

where K runs through open compact subgroups of G (K ).8

Following [Shill], we now define a map Mantg b, u @ Ko(Gj, A) = Ko(Gf (K) x Wg,, A)
describing the cohomology of Sht(G*, b, bg, 1), where for each b € B(G*)pas, we denote by Ko(Gj, A)
the Grothendieck group of the category of finite-length admissible representations of Gj(K) with
A-coefficients, and denote by Ko (G}, (K) x Wg,, A) the Grothendieck group of the category of finite-
length admissible representations of Gj(K) with A-coefficients equipped with a continuous action
of Wg, commuting with the Gj(K)-action.

Definition 3.2.1. For p € II(G}, A), define
(3.4) RI;(G*, b, by, 12) ] := RHomgy () (RT(G*, b, bo, 1), ) ,
and
RI.(G*, b, by, 1) [p] := RI'.(G*, b, b, 1) ®Ié;(x) p.
It follows from [FS24, Corollary 1.7.3 and p. 317] that RT%(G*,b, by, u)[p] is a finite-length WEg,-
equivariant object of D(G}, , A). We denote its image in Ko(G}, (K) x Wg,; A) by
MantG*7b7b0’“(p).

Note that RI':(G*, b, bg, t)[p] is much more natural from the point of view of geometric ar-
guments on Bung+ as it involves the much simpler extension by zero functor, while the complex
RI®(G*, b, b, 1) [p] is studied in [HKW22]. Tt follows from Hom-Tensor duality that

(3.5) RI(G*, b, bo, 11)[p*] = RHom (RT'+(G", b, by, 1) [p], A) -

Moreover, we have the following result of Meli, Hamann and Nguyen [MHN24, Proposition 2.25]
for representations with supercuspidal Fargues—Scholze L-parameters:

Proposition 3.2.2. If p € II(G}, A) has supercuspidal Fargues—Scholze L-parameter d)gs, then
there exists an isomorphism

RFC(G*’ b, bo, :U’) [,0] = RF&(G*, b, bo, IU’)[p]
of representations of G’QO(K) xWg,.

8Note that our RI.(G",b,bo, 1) agrees with RFC(MG; bo,{u—1},000 A) defined in [DvIKZ24, §8.5.8], by [DvHIKZ24,
0

Proposition 8.5.9]; but differs from RI'.(Gp,, b, 1) defined in [Ham25, Definition 3.2] by a Tate twist and a t-shift.
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Finally, we recall the following crucial result relating the cohomology of local shtuka spaces
and Fargues—Scholze L-parameters. Before that, recall that for any dominant cocharacters p for

G with reflex field E,, the highest weight tilting module 7, € Rep,(G) extends naturally to a
representation of G x Wg,, and we define the extended highest weight tilting module

L
(3.6) Lt = Indawa# T, € Repp (XG).

The isomorphism class of L’n only depends on the Galg-orbits of u; see [Ham24, §9.1]. Moreover,
we recall that the tilting module 7, equals the usual highest weight module (defined by unnormal-
ized parabolic induction) when g is minuscule.

Proposition 3.2.3. Suppose p € I(Gj,A),m € II(Gy ,A) and suppose that m appears
in Mantgs pp,,u(p). Here we omit the action of Wg, on Mantgpp,u(p). We then have
PSS = ¢ES € O%(G*, ).

Proof. This is established in [Ham25, Corollary 3.15]. Strictly speaking, the cited result only proves
the assertion when g is minuscule. However, the general proof is the same and we reproduce here.
Regard p as an element of D(G;, A) & Dy;s(Bung., A), then there is an isomorphism

RL(G*, b, by, 1) [p] = i, Tyin,(p) € D(Gy,, )PV B,
by [FS24, §IX.3]. Here T, is the Hecke operator associated with the extended highest weight tilting
module £7, associated with z (3.6). Then each Schur irreducible subquotient A € Dys(Bungs, A) of
T, ib)(p) has Fargues—Scholze parameter ¢ES because the excursion algebra commutes with Hecke
operators. Here we omit the Wg,-action. Furthermore, each 7 € II(Gj ,A) C DliS(Bunz‘l,A)
appearing in i’gO(A) has Fargues—Scholze parameter equal to that of A under the identification

P(Gp,, A) = @%(G*, A), by [FS24, §IX.7.1] (see also [Ham25, Proposition 3.14]). Thus the asser-
tion follows. n

3.3. Spectral actions. In this subsection, we assume G is quasisplit. We recall the spectral actions
on sheaves on Bung by sheaves on the stack of Langlands parameters; cf. [F'S24, §X], [Ham25].

For ¢ € ®%(G, A), we define Dyjs(Bung, A)y C Dijs(Bung, A) to be the full subcategory of objects
A such that the endomorphism induced by any f € (9336 \ My is an isomorphism on A.

We recall the Act-functors defined in [Ham25, §3.2] and [MHN24, §2.3.3] via the spectral action
of the moduli stack of L-parameters: Let Xz := [Z LWy, G)@/ G] be the moduli stack of semisimple
Langlands parameters defined in [DHKM24,Zhu21] and [FS24, Theorem VIIL1.3], and let Perf(X)
be the derived category of perfect complexes on Xz. Let Djis(Bung, Q) C Dys(Bung, Q) be the
triangulated sub-category consisting of compact objects. Then it follows from [FS24, Corollary
X.1.3] that for each finite index set I, there exists a Qg-linear action

___ \BW.
Perf(X5)P"Wi — End (Dig(Bung, @)*) 1 s {A > Cx A},
which is monoidal in the sense that there exists a natural equivalence of functors:
(Cl ®L 02) * (—) = (1% (CQ * (—))

Fix for the rest of this subsection a supercuspidal L-parameter ¢ € ®°(G,Qy), then there exists
a connected component Cy of .’{a consisting of unramified twists of the parameter ¢, equipped with

a natural map Cp, — [Spd(Qy)/Sy); see [FS24, §X.2]. We then have a direct summand
Perf(Cy) C Perf(Xy),
and the spectral action gives rise to a direct summand

c _ _
D¢ (Bung, Q)“ C Dyis(Bung, Q¢)*.
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Then there exists a decomposition [Ham25, p. 34]

C m \wW ~v ™ \w
D¢ (Bung, @) = € D (Gy,Q0)”,
beB(G)bas

where D% (Gp, Qp)* C D(Gp, Q)¥ is a full subcategory of the subcategory of compact objects in
D(Gp, Qp). Let x be the character of Z(G)(K) determined by ¢ as in [Bor79, §10.1], then for each
b € B(G), the subcategory

DEX(Gy, Q) € DY (Gp, Q)
spanned by the compact objects with fixed central character y of Z(Gp) = Z(G) is semisimple
because supercuspidal representations are both injective and projective in the category of smooth
representations with fixed central character. Thus we can identify DX (Gy, Q)* with

B wm ® Perf(Qy).

mp €11 (Gp)

This category is preserved under the spectral action of Perf(Cy); see [Ham25, p. 34].

We now recall the Act-functors: For each n € Irr(&,), we get a line bundle £, on Cy by pulling
back along the natural map Cy — [Spd(Qy)/Sy), and we define Act, to be the spectral action of
this line bundle on D%X(Gp,, Q,)*. In particular, Act-functors are symmetric monoidal, i.e., Acty
is the identity functor, and for any 1,7’ € Irr(S), there exists a natural equivalence of functors

Acty, o Act,y = Acty,y.

From this it is easy to show that each Act-functor sends an irreducible admissible representation

TS U LgH(i,(Gb)
bEB(G)baS

to another irreducible admissible representation

Lgﬂ'/ S U Lgﬂ(z,(Gb)
bEB(G)bas

with a ¢-shift; see [MHN24, Lemma 2.28].

3.4. Weak version of the Kottwitz conjecture. In this subsection, let G* be a special orthog-
onal or unitary group as defined in §2.1, and let (G = Gy Obos 2p,) be the pure inner twist of G*
associated with by € B(G*)pas. Let p be a dominant cocharacter of G%, and let b € B(G*, by, 1)bas
be the unique nontrivial basic element, regarded as a basic element in B(G)p,s via the isomor-
phism (2.2), so we can adopt the notation from §3.2. Thus G, = Gy ., and we define

Mantq@u = MantG*,bo-‘rb,bo,u : Ko(Gb,@) — Ko(G,@),

after forgetting the W, -action.

We will use the weak version of the Kottwitz conjecture from [HKW22] describing the cohomol-
ogy Mantgy, ,(tep) for p € I14(Gy), where ¢ is a discrete L-parameter. The (generalized) Kottwitz
conjecture describes Mantq , ,,(t¢p) in terms of the local Langlands correspondence, where p lies in
a supercuspidal L-packet.

In [HKW22, Theorem 1.0.2], a weak version of the Kottwitz conjecture is established for all
discrete L-parameters, but disregarding the action of the Weil group, and modulo a virtual repre-
sentation whose character vanishes on the locus of elliptic elements. Their proof is conditional on
the refined local Langlands conjecture of [Kall6, Conjecture G| (in fact, as G is always a pure inner
form of G*, the isocrystal version [Kall6, Conjecture G] suffices), but in Case O2 (with sufficiently
high rank), only the weak version of this conjecture stated in §2 is known. To remedy this, we will
use weak versions of the endoscopic character identities Theorem 2.3.4 to prove a weak version of
[HKW22, Theorem 1.0.2].
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To state results uniformly, for every b € B(G)pas, define
Ko(Gy, Qr) = Ko(Gy, Q0)/ ([r] =[] : 7 € TGy, Q) ) -
The natural ¢-action on the local shtuka space induces a well-defined map
Mantg 5., : Ko(Gp, Qr) — Ko(G, Q).

The set of elliptic elements of G(K) is invariant under the action of ¢, so it makes sense to talk
about an object of Ko(Gj, Q) whose character vanishes on the locus of elliptic elements of Gy(K),
and these objects are exactly those coming from a proper Levi subgroup of G [HKW22, Theorem
C.1.1].

Similarly, for 7 € TI(G}), we can define the Harish-Chandra character
1
Oi = 5(@,T + Or<) € C(Gp(K)sreg /| Go(K),C),

where 7 € II(G}) is an arbitrary representative of 7.

For p € II(Gy), the Fargues-Scholze parameter L[lqbgs : W — LG* is well-defined up to
On() (C)-conjugation in Case 02, by the compatibility of Fargues—Scholze LLC with central ex-
tensions, Theorem 3.1.1, so it is unambiguous to ask whether it is a supercuspidal L-parameter.

Then our theorem, which slightly generalizes the main theorem of [HKW22], is stated as follows
(a stronger version will be established in §7.3):

Theorem 3.4.1. If ¢ € Oo(G*) is a discrete L-parameter, and p € f[(z;(Gb), then
Mantg p . (0ep) = Z dim Homgé(é[ﬁ,ﬁ},ﬁ)[wﬁ] + Err
ﬁ‘EfIJ)(G)

in Ko(G,Qy), where Exrr € Ko(G,Qy) is a virtual representation whose character vanishes on
G(K)s.reg,ell . 5
Moreover, if the packet 11 é(G) consists entirely of supercuspidal representations and the Fargues—

Scholze L-parameter g?)gs is supercuspidal, then Err = 0.

We can apply Theorem 3.4.1 to (b, ) = (b1, p1) defined in §2.6. Then it follows from Theo-
rem 2.6.1 that we obtain the following corollary:

Corollary 3.4.2. Suppose ¢ € ®o(G*) is a discrete L-parameter and
Pl =1 @ DD 1 DD Py

where the ¢; are irreducible representations of W, x SLa(C) of dimension d; for each i, and d;
is odd if and only if ¢ < k. Let py be the dominant cocharacter of G*? defined in (2.5), and

b1 € B(G*, by, j11)pas be the unique basic element. For
~ ~ _ Ko (—1) + 1

p=ryu € g(Gr,),  #I=—"—7"——(mod 2),
one has
Mantg’blm (Lgﬁ'm) = Mantg,bwt; (Lgﬁ'm) = Z di[LZﬁ'[I@{i}}] + Err
iE['I‘]+
in Ko(G,Qq). Here pu$ = —wo(p1) is the dominant cocharacter conjugate to py', and Err €

Ko(G,Qy) is a virtual representation whose character vanishes on G(K)s reg,ell-

Qorollary 3.4.3. If<z~5 € @SC(G*) is a supercuspidal L-parameter, then all representations T €
HJ)(G) have the same Fargues—Scholze L-parameter ¢5§~r
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Proof. Let I C [r]y with #[I] = W(mod 2). For every i € [r]y, it follows from Corol-

lary 3.4.2 that 77 appears in MantG7b17M1(Lg7~i'[[}). Here we use that the error term has no
supercuspidal constituents. Proposition 3.2.3 therefore gives

ZFS __ JFS _ JFS
¢L[7~T[I€B{'}] o ngﬁ'[I] - gbbeﬁ'[]@{j}]

e ¢Wr for any J C J' C [r]; with #J' = #J + 1.
¢W[ ) for any J,J C [r]4+ with #J = #J'(mod 2). O

for any i,7 € [r].. This implies that @IS
Clearly, this implies that ¢F3

LTy

We first recall from [HKWZQ, Definition 3.2.4] the transfer map from conjugation-invariant
functions on Gp(K)sreg to conjugation-invariant functions on G(K)sreg when b € B(G)pas is basic.

Definition 3.4.4. There is a diagram of topological spaces
Relb

— T

G(K)s.reg //G(K) Gb )s reg //Gb( )

where Rely, is the set of G(K) x Gb(K)—conjugacy classes of triples (g, ¢’, \) such that

egc G(K)S,re% and ¢’ € Gp(K)sreg C G(K) are stably conjugate, i.e., conjugate under the
action of G(K),

o \ € Xo(Zg(g)) satisfies iz, q)(inv[b](g, g')) agrees with the image of X in Xe(Zc(9))calx-
Here inv[b](g,¢') is the class of y 'bok(y) in B(Zg(g)), where y € G(K) satisfies ¢ =
ygy~!1. This class is independent of the choice of y; see [HKW22, Definition 3.2.2, Fact
3.2.3].

Here (z, 2) é G(K) x Gyp(K) acts by conjugation on such triples by

ad(z7 Z/)(ga g/a >‘) = (ad(z)g7 ad(z/)glv ad(z))\),
and Rely, is given the subspace topology by the inclusion Rely, C (G(K) x Gp(K) x Xo(G))/(G(K) x
Gp(K)) with X¢(G) being discrete.
We recall the following Hecke transfer map from [HKW22, Definition 3.2.7, Definition 6.3.4].
Definition 3.4.5. We define a Hecke transfer map

Gy—G

Tb,;jﬁ : C(Go(K)sieg | Go(K)) = C(G(K)sreg [/ G(K))
such that

[T27C)] (g) = (~1)l2eer) 37 f(g) dim T[N,

(9,9" ,\)ERely

The representation 7, has only finitely many weights, and the relevant fibers of Rel, over a fixed
strongly regular element are finite. Hence the above sum is finite. The same finiteness, together
with the properness property of the relation used in the definition of the transfer map, shows that

Tbcf ;_)G( f') is compactly supported whenever f’ is compactly supported.

TGb—>G

Moreover, on the strongly regular elliptic locus, can be extended to a Hecke map on

invariant distributions

7;;,G,ub_>G : DiSt(Gb(K)S.reg,ell)Gb(K) — DiSt(G(K)s.reg,ell)G(K) .

We then have the following result of Hansen, Kaletha and Weinstein [HKW22, Theorem 6.5.2]:
Proposition 3.4.6. For any p € II(G}) and f € Co(G(K)sreg,en),

tr (f‘[,g Mantgp ,(tep ) [TGZ’_}G } (f)-
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In particular, the virtual character of Le_l Mantq . (Lep) restricted to G(K )s.reg,ell @5 equal to
Gp—G
Tb,u (®P)

We now use the weak endoscopic character identities to prove an analogue of [HKW22, Theorem
3.2.9], which relates the Hecke transfer map T, bG ;_>G to classical LLCs of G and Gy:

Proposition 3.4.7. Assume that b € B(G*,bo, jt)bas is basic, and let ¢ € ®2(G*) be a discrete
L-parameter. Then, for every p € 115(Gy) and every g € G(K)sreg that transfers to Gy(K),

[157%0, (9)= 3 dimHome, (5[, 71, 7,)0#(9)-

3181(e)
Proof. We modify the argument of [HKW22, §3.3]. We first clarify the three related endoscopic
elements that occur in the comparison between the rigid and isocrystal normalizations. Let

Pry, Vg S(Z — Sy
denote, respectively, the natural projection and the comparison homomorphism defined in [Kall8,
(4.7)]. Since ¢ is discrete, we identify SES =54 = Gy.

Choose 5 € S, and set
s = pry(s), sT = vy(3).

Here $ is the refined endoscopic element used in the rigid normalization, s is its ordinary image

and determines the underlying endoscopic group, while s? is the corresponding element in the
isocrystal normalization and is the element at which the packet characters and 7, are evaluated.
By [Kall8, §4.2], the elements s and st differ by an element of Z (CA})GalK . Consequently, they have
the same image
ERS 6(15

and determine the same underlying endoscopic group and L-embedding.

Let

e = (Ge7 Su? Lé.e)
be the extended endoscopic triple associated with s?, and let ¢¢ € ®9(G*) be the parameter associ-
ated with ¢. Its rigid refinement
e = (Ge’ LGe’ S, Lge)

is the refined endoscopic datum attached to s in [HKW22, (A.1.1)].

For every (g,9’, \) € Rel,, we have

e(Go) Y twpets(P)(s9)05(g)
'l 5(Gh)
Theore:m 2.3.4 Z A[m, ¢, ZbO-H)] (h, gl)S@J)e (h)
he€G¢(K)s.reg/st.conj

[HKW22, Limma A.1.1] Z A[m, ¢, Zbo} (h, g) <1HV[b} (g7 g/)7 SEL79> S®¢;e (h)
heG® (K )s.reg/st.conj

_ 3 Alto, ¢, 23] (h, 9)A(s], )9O (R).
heG*® (K )s.reg/st.conj

Here sEl g 18 obtained by transporting s? to

GalK
Z;(9)
through the admissible isomorphism between the centralizers of h and ¢g. It is this transported
element that is paired with inv([b](g, ¢’) in [HKW22, Lemma A.1.1].
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We now multiply this expression by the kernel function dim 7,[\], and sum over all ¢’ €
Gp(K)sreg | Gp(K) and X € Xo(Zi(g)) such that (g,¢’, ) € Rel,.

e(G) D D twpers(7)(s)O(g') dim T, [A]

(9",A) ﬁIEﬁé(Gb)

= > Alvo, ¢, 23] (h, 9)SO . (h) Z (s}, o) dim T, [A]
heG* (K )s.reg/st.conj g’ \A)

_ S Al z)(h )30 (At rm(s%,g»

heG® (K )s.reg/st.conj

= tr(’];(sh)) Z Alw, e, Zbo](h,g)S@¢;e(h)

he€G® (K )s.reg/st.conj
Theorem 2.3.4 ~
= r(Tu(s))e(G) D" twbe(7F)(s)O(9).
7ell 3(G)

Here the second and third equations hold by the argument of [HKW22, p. 17].

We multiply the above equation by ty 5,+5(p)(s7) 71, then as a function of s* € S, the left-hand
side is invariant under translation by z4, so the same holds for the right-hand side, and both sides
become functions of 5 € @¢. We now average over s € @¢ to get

G Y Y Y e ) dim T

# sc8, (o) et () bro,bo+b(P)
- € r s M sNO-
-7 (@) 2 w(Tuls) 3. o 5 ($)0(9),

s€6¢ WGHQE(G)
where we recall that s? € S, is a lift of 5. By Fourier inversion, the left-hand side equals

e(Gy) Z 0,(g) dim T, [\] = (—1)20c+)e(Gy) [Tlﬁiﬁc@ﬁ} (9),

and the right-hand side equals

Z Ox( 6 Z tr(7,,(sM)o[7, 5] 1 (s7) = e(G) Z dim Home, ([, 7, 7,,)©x(9)-
5(G) ¢ 56, 7ell;(G)

So the assertion is reduced to the identity e(G) = (—1)#2Pc*)e(Gy), which is exactly [HKW22,

(3.3.3)]. 0

Now Theorem 3.4.1 follows from the above propositions in the same way as in the proof of
[HKW22, Theorem 6.5.1].

Proof of Theorem 3.4.1. The equality in Ko(G(K)) follows from Propositions 3.4.6 and 3.4.7.
It remains to prove the assertion about Err. Choose a representative p € II(Gp) of p. Let
7 € II(G) have nonzero coefficient in

Lzl Mantgp, ., (¢ep).

By Proposition 3.2.3,
¢L27T - qbuzﬁ

The parameter on the right is supercuspidal by assumption. Suppose that m were not supercuspidal.

By the theory of cuspidal support, 7 would be an irreducible subquotient of a normalized parabolic

induction from a proper Levi subgroup of G. Compatibility of the Fargues—Scholze correspondence
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with parabolic induction, as stated in Theorem 3.1.1, would then imply that dﬁ% factors through

the L-group of a proper Levi subgroup. This contradicts its supercuspidality. Therefore

Mant p. . (Lep)

is a virtual sum of supercuspidal representations. The same is true of the explicit packet term in
the formula, so Err is a virtual sum of supercuspidal representations.

On the other hand, the character of Err vanishes on the strongly regular elliptic locus. By
[HKW22, Theorem C.1.1], its class is generated by normalized parabolic inductions from proper
Levi subgroups. Such induced representations have no supercuspidal irreducible constituents. Since
irreducible classes form a basis of the Grothendieck group, the subgroups generated respectively
by supercuspidal and non-supercuspidal irreducible representations have zero intersection. Hence
Err = 0. ]

4. COHOMOLOGY OF ORTHOGONAL AND UNITARY SHIMURA VARIETIES

In this section, we compute the Il-isotypic component of the cohomology of Shimura varieties
Sh(G, X) of orthogonal or unitary type related to the local group G defined in §2.1, where II is a
special cuspidal automorphic representation of G(A ). These results are related to the cohomology
of local shtuka spaces via the basic uniformization theorem stated in the next section, §5.

Let F be a totally real number field, and fix a nontrivial additive character P of F\ Ap, which
extends to an additive character of any finite extension F’/F by defining ¥ g := Py o trp /- Let
F1 be either F or a CM field containing F, and let ¢ € Gal(F}/F) be the element with fixed field
F. Let 79 : F1 — C be a fixed embedding. Denote by xp,/r : Ap/F* — {£1} the character
associated with Fy/F via global class field theory. If F} # F, choose a totally imaginary element
T e F*, so each embedding 7 : F — C extends to an embedding 7 : F; — C sending 7 to R4 1.

4.1. The groups. Let V be a vector space over F} equipped with a nondegenerate Hermitian
c-sesquilinear form (—, —) on V| i.e.

(au + bv,w) = a {u,w) + b{v,w),

(v,w) = (w,v)°.

In Case 02, choose an arbitrary diagonal basis {v1, ..., Vgim(v)} of V over I} such that (v, v;) =
a; € F*. Define
) dim(V)
disce(V) = (-1)(""F)g=dmV) T g
i=1

whose image in F* /(F*)? is independent of the basis chosen, and we write disc(G) = disc(V).
Let U(V) < GL(V) be the algebraic subgroup defined by

U(V) ={g € GL(V) : (gv, gw) = (v,w) Vv,w € V},

and let G = U(V)° be the neutral component of U(V). Let G* be the unique quasisplit inner form
of G over F. Exactly one of the following cases occurs:

O1 If F; = F and dim(V) = 2n + 1 is odd, then G* = SOg),41.

02 If F} = F and dim(V) = 2n is even, then G* = SOS;SC(V) is the special orthogonal group
associated with the quadratic space V* over F' of dimension 2n, discriminant disc(V) such
that the Hasse—Witt invariants of V* ® F, are 1 for each v € Xp.

U If F; # F and dim(V) = n, then G* = U(n) is the unitary group associated with the
Hermitian space V* of dimension n with respect to the quadratic extension F}/F such that

the Hasse—Witt invariants of V* ® F,, are 1 for each v € Xp.
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We refer to cases O1 and O2 together as Case O. We assume further that

2 in Case U
dimV > ¢5 in Case O1,
6 in Case O2

so that G,q is always geometrically simple.

To unify notation, we write n(G) = n(G*) for the rank of G, define N(G),d(G),b(G) analo-
gous to the local case (2.1), and define disc(G) := disc(V) in Case O2.

We fix a pinning (B*, T*,{X!}.ca) of G* by identifying G* = U(V*)° for a suitable c-
Hermitian space V* over Fj, and choosing a complete flag of totally isotropic subspaces in V*.
Together with the additive character 1, this pinning determines a Whittaker datum w for G*.

It follows from the theorem of Hasse-Minkowski and Landherr [Gro21, Theorem 2.1, Theo-
rem 3.1] and [GGP12, Lemma 2.1] that pure inner twists of G* are in bijection with isometry
classes of c-Hermitian spaces V with respect to Fy/F of dimension d(G*) (and also with dis-
criminant disc(V) in Case O2), and these isometry classes are determined by isometry classes of
localizations V,, for each v € ¥ . In particular, G can always be realized as a pure inner twist
(G, o, z) of G*.

We fix an isomorphism

Spn(e)(C)  in Case O1
G SOn(g)(C) in Case O2,
GLy(g)(C) in Case U

and fix a pinning (’i‘, B, {Xa}aeca) where T is the diagonal torus, B is the group of upper triangular
matrices, and {X,}aeca is the set of standard root vectors. We write 'G = G x Wp for the
LAanglands L-group in the Weil form. Note that G has a standard representation Std = S/t?l(; :
G — GL N(G),C-

As in the local case §2.1, there exists an automorphism 6 of GGl := Resp, ;rGLy(q) such that
G* determines an element in E (G %), and the description of the isomorphism classes of elliptic
endoscopic triples ¢ € E(G) is similar to the local case.

Finally, we define a central extension G¥ of Res r/QG as follows:

e In Case O, we imitate [Car86, p. 163]. Let C1(V) and CI°(V) be the Clifford algebra and
even Clifford algebra, respectively. Note that there exists an embedding V C CI(V) and
an anti-involution * on Cl(V) (the main involution) [MP16, §1.1]. Let GSpin(V) be the
stabilizer in CI°(V)* of V C CI(V) with respect to the conjugation action of CI°(V)*
on CI(V), which is a reductive group over F. The conjugation action of GSpin(V) on V
induces an exact sequence of reductive groups over F"

(4.1) 1 — GLyp — GSpin(V) = G — 1.

There is a similitude map v : GSpin(V) — GL; r : g — ¢*¢ whose restriction on the central
torus is z — 22. The kernel Spin(V) := ker(v) is called the spinor group of V.
Fix an imaginary quadratic element 71 € R, i (in particular 7% € Q_). Define

G = ((RGSF/Q GSpin(V)) x ResF(—i)/QGLl) /RespgGLa,
where Resp/gGLy is embedded anti-diagonally. Define
v G — Resp/pGLy : (g,t) — v(g) NmF(-l)/F(t),

and we define G € G+ to be the inverse image of the subtorus GL; C Resp /GL1 under
v, Then
[GF, G = Resp)q Spin(V),
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and the short exact sequence (4.1) induces a short exact sequence
1—Z% = G* = Resp/gG — 1,

where
Z? = {z € Resp(),oGL1 : Nmp(m/r(2) € Q*}.
e In Case U, following [RSZ20], let GUZ(V) be the reductive group over Q defined by
GUQV) ={(g9,)\) € GL(V) x GL1 : {gv, gw) = X (v, w)}.
It is equipped with a similitude character
v:GUY(V) = GLy, (9,\) = A

Note that GUQ(V) is a subgroup of the Weil restriction of the unitary similitude group
GU(V). Define

70 ={z ¢ Resp, joGL1 : Nmp, /p(2) € Q*}.

It is naturally equipped with a map to GL;. We then define a reductive group G# over Q
by
Gf = GUYV) xqr, ZV

It is isomorphic to Resp/G X ZQ via the isomorphism
Gh Resp/gpG x 79 : (g, 2) — (27 1g, 2).

4.2. Endoscopic classification of automorphic representations. Let G* be as in §4.1 and
(G, 0, z) be a pure inner form of G*. To prepare for the Langlands—Kottwitz method in §4.5, we
recall some results on endoscopic classifications of automorphic representations of orthogonal and
unitary groups over a totally real field, following [Art13, KMSW14,Ish24, CZ25].

For each Archimedean place 7 of F, fix a maximal compact subgroup K, of G(F;). For all
but finitely many finite places v of F, the inner twist (o, 2,) is trivial, and we fix a hyperspecial
subgroup 5(11}5 of G(F,) compatible with tv,, the localization at v of the Whittaker datum w. In
Case 02, there exists a nontrivial outer automorphism ¢ of G* which preserves 1o, thus also K%; in
the other cases we take ¢ = 1. Let A(G) denote the space of automorphic forms for G in the sense
of [BJ79], with respect to the fixed compact subgroup K, := [lresee K7 We write A2(G) for
the space of square-integrable automorphic forms for G. It is a module over the restricted tensor
product

A(G(Ar)) = Q) H(G(E,))

of the ¢-invariants of local Hecke algebras with respect to the characteristic function of K (defined
for all but finitely many finite places v of F').

The space A3(G) can be decomposed into near equivalence classes of representations. Two
irreducible representations m = ®m, and 7’ = Q)7 are called nearly equivalent if 7, and =,
are isomorphic for all but finitely many places v € ¥p. The decomposition into near equivalence
classes will be expressed in terms of elliptic global A-parameters. An elliptic global A-parameter

1 € Ui(G) is a formal finite sum of pairs
Y => (I, di),

where each II; is an irreducible cuspidal automorphic representation of GLy,, (A r, ) that is conjugate
self-dual of sign (—1)%~1b(G) (defined similarly as in §2.2), such that
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e In Case O2, we assume []; wf = Xp ( where w; is the central character of II;,

disc(G)) /F”
and y F(\/@se(@)) /F is the quadratic character of A} /F* corresponding to the extension

F(y/disc(G))/F via global class field theory.
The parameter v is called generic (or tempered) if d; = 1 for all 4, in which case we abbreviate
(Hi7 1) to II;.
Given an elliptic global A-parameter

¢ = (thl) 4+ (Hkvdk>

for G, define the formal extended component group

&t = P(Z/2)e;,

7

where e; is a formal coordinate associated with the summand II;. In Case O2, there is a map

det,/, : (‘52} — Z/Q, Z X;e; — Z n;d;x;,
1<i<k 1<i<k
and we define the formal component group &y, := ker(dety). To unify notation, in Case O1 and
Case U, we set Gy, = 631). Moreover, we define the quotient group

Sy i=6y/(e1 4 +ex).

Finally, Arthur defines a canonical character ey of &, as in [Artl3, Equation (1.5.6)], which is
trivial if 4 is generic.

For each v € ¥, we can define the formal localization 1, := 3;(¢i v, d;): If ©f, (v) is a singleton,
which we also denote by v, then ¢;, is a n;-dimensional representation of Wg,), x SL2(C) that
corresponds to II; , via the local Langlands correspondence, which is conjugate self-dual of sign
(—1)%~1p(G). We can associate to 1, a formal sum

i -1 43 =
5= (oo i) @ (4o -, ) oo (0 o -, ) )

which may be regarded as an element of ®(G,).

On the other hand, if #Xp (v) = 2, then we are in Case U. If we write X, (v) = {w,w®},
then II; ,, = wac under the identifications GLy, (F1,4) = GLy, (Fi ). We define ¢;, to be the
n;-dimensional representation of Wg, x SLy(C) that corresponds to II;,, under the identification
w: F14 = F,. This is independent of the choice of w after taking into account the corresponding
change of the identification G, ~ GLy(q),r,- We define (j;gL as before.

We then have the following theorem, usually called “Arthur’s multiplicity formula”:

Theorem 4.2.1 ([Art13,Mok15, KMSW14,1sh24,CZ25]). If v is an elliptic global A-parameter for
G, we denote by Az (G) the direct sum of irreducible admissible representations m in Az(G) such

that ¢GL = égL for all but finitely many places v € L (here if #Xp, (v) = 2 with X, (v) = {w, w},
then we write g%,?} Jor the classical L-parameter of Gy = GLy(q),F, corresponding to m, composed

with the identification w : Fi., ~> F,). Then there is a natural decomposition of H(G(AF))-
modules

A2(G) = P A24(G),
P

where ¥ runs through elliptic global A-parameters for G. An irreducible subrepresentation m of
Az (G) is said to have formal parameter 1.
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Furthermore, for each generic elliptic global A-parameter 4 =111 + - - -+ 1 for G, there exists
a natural diagonal map
A:Gy = 6ya, =[] CHER

VEXR
and a decomposition of H(G(AF))-modules:

Ap(G)=my P Tw:(n),
HEII‘I"(GV,’AF)
AT (n)=¢ey
where each i 2 (1) = @y, 2 (Vy, o) is the global restricted tensor product of local representations,
cf. Theorem 2.3.1. Moreover, the multiplicity my, satisfies my, = 1 unless we are in case O2 and
n; is even for each i, in which case my = 2.

Proof. In Case O1, this is established in [Art13] when G is quasisplit, and established in [Ish24,
Theorem 3.16, 3.17] when G is non-quasisplit. In Case O2, this is established in [Art13] when
G is quasisplit, and in [CZ25, Theorem 2.1, 2.6] when G is non-quasisplit. In Case U, this is
established in [Mok15] when G is quasisplit and established in [KMSW14, Theorem 1.7.1] when G
is non-quasisplit. ]

This theorem implies the following result on strong functorial transfer and strong multiplicity
one for cuspidal automorphic representations of G(Ap):

Corollary 4.2.2. Let 7 be a cuspidal automorphic representation of G(Ag) whose formal param-
eter @ is generic. Then, for every finite place v € E%n, one has

TGL ~ JGL
¢7rv = (b{bv .
We write G := 4p and call it the strong functorial transfer of .

Moreover, if @ is another cuspidal automorphic representation of G(Afp) or G*(Ap) with
formal parameter mC%, then

(;sﬂ; = éﬂ”v
for every finite place v of F, and 7" is also the strong functorial transfer of .

4.3. Controlled cuspidal automorphic representations. Let G* be as in §4.1. To specify the
local conditions imposed on the automorphic representations under consideration, we will use the
following notion of control tuples:

Definition 4.3.1. A control tuple for G* is a tuple % = (3°, X5 ¥%¢ % £) where
e Y5 and ¥5¢ are disjoint nonempty finite sets of finite places of F.

e X° C ¥StUEse and 8t U XU Y% C X are finite sets of places of F.

® { = @rcHom(F,c)ér I8 an irreducible representation of (Res F/QG*) ®q C with regular alge-
braic highest weight.

e G} is unramified for any finite place v € E{}“ not in .

Definition 4.3.2. Let % be a control tuple for G*. A pure inner twist (G, g, z) of G* over F' is
called a % -good pure inner form of G* if (g, 2,) is trivial for each v € Ef‘m“ ~ X

If (G, 0, 2) is a %-good pure inner form of G*, then for each v € Z%ﬂ N X, G, has a reductive
integral model G, over OF, coming from the fixed reductive integral model G;; of G}, via o,. We also
write KPS for the corresponding hyperspecial maximal compact subgroup and define the abstract
Hecke algebra away from X:

~ / ~ s
T .= ®UGZ%D\ZH(G(FU),9{S ).
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Definition 4.3.3. Let % be a control tuple for G* and let (G, g, z) be a %-good pure inner twist
of G*. Suppose ¥/ C X° is a subset. A compact open subgroup K> < G(A%:f) is called a ¥ -split
subgroup if it is of the form
*¥ = I *..
veZ?,“\E’

where K, = KD for v not in X.

Definition 4.3.4. For a control tuple % for G* and a %-good pure inner twist (G, g, z) of G*, a
% -good automorphic representation of G(Af) is a cuspidal automorphic representation © = ®/ m,
of G(AF) such that

e 7, is unramified for all v € E%“ N

e 7, is an unramified twist of the Steinberg representation for any v € L5 (see Defini-
tion A.4.6);

e 7, has supercuspidal classical L-parameter for each v € »%¢. Moreover, m, has simple
classical L-parameter for some v € ¥%¢ (as defined in §2.2);

® T, is cohomological for &, i.e.,
H' (Lie(G(F @ R)), Koo, Too Q¢ &) # 0
for some ¢ € N.
We then have the following controlled strong transfer result:

Theorem 4.3.5. For any control tuple % for G* and % -good pure inner twists (G, g, z),(G', @', 2')
of G*, if m is a Y% -good automorphic representation of G, then there exists a Y -good automorphic
representation T of G’ such that

o 7> = 1% a5 T¥-modules via the isomorphism

o o g_l G (G')Z.

e foranyv € Ef}n, Ty has the same classical L-parameter as m,.
Such a T is called a %-good transfer of m to G'.

Proof. Let ¢ = nCL. By Definition 4.3.4, 4 is a simple generic elliptic global A-parameter. For
each finite place v, let ¢, be the classical L-parameter of . B
If v ¢ ¥°, the two pure inner twists are locally identified, and we choose the member of II; (G7)

corresponding to m,. If v € £°, then v € L5t U X5, s0 ngv is discrete. The local packet parametriza-
tion in Theorem 2.3.1 therefore gives a nonempty packet II B (G)). At every Archimedean place v,
choose a member of the cohomological discrete-series packet associated with &,.

Let 7, denote the character of the local component group corresponding to the chosen local
representation. Since 1) is simple, Gy has order 2 and is generated by its distinguished central
element. The value of 7, on its localization is the local Kottwitz sign determined by (g, z)). The
product formula for the global pure inner twist (G’, ¢/, z’) therefore gives

A*( R 77v) =1= Exp-
Arthur’s multiplicity formula, Theorem 4.2.1, now produces a discrete automorphic representation
T = ®;Tv

of G/(A ) having the prescribed local members.

For every v € Y5, the parameter <;~5v is supercuspidal, and hence 7, is supercuspidal. Since
38¢ #£ @, it follows that 7 is cuspidal. The unramified and supercuspidal conditions are preserved
because the local parameters are unchanged.
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Finally, if v € 5%, then & o has order 2 and z o is nontrivial. Hence the relevant packet on G/,
is a singleton, whose unique member is an unramified twist of the Steinberg representation. Thus
T is %-good and has the asserted local properties. O

We now recall the following result, due to the work of Clozel, Kottwitz, Harris—Taylor [HT01],
Shin [Shill], Chenevier-Harris [CH13] and others, which allows us to construct ¢-adic representa-
tions attached to Y-good automorphic representations:

Theorem 4.3.6 ([Clo90, HT01, TY07, Shill, Car12, CH13, Carl4]). For any control tuple % for
G* and Y -good pure inner twist (G, o,z) of G*, if m is a % -good automorphic representation of
G, then m, is tempered for every v € Zi}n, and there exists a continuous irreducible representation,
unique up to isomorphism,

Pr - GalF1 — GLN(G)(@);
such that

F-ss ~ 1-N(G)
(4.2) WD (pw,AWFLw) = u (75% ®~lp. )

for any finite place w of Fy with underlying finite place v of F'. Here g?)m is the classical L-parameter
of my. Note that, if #Xp (v) = 2 with ¥, (v) = {w,w®} then we write gZ;%L for the classical L-
parameter of G, = GLy(g),F, corresponding to m, composed with the identification F, = F y,.

Moreover, if 7' is another cuspidal automorphic representation of G(Ap) or G*(Ap) such that
7, and 7, have the same classical L-parameter qgﬁv = éﬂ) for all but finitely many finite places v
of F, then Equation (4.2) is satisfied for each v € Z‘}n with m, replaced by 7).

Proof. Let 78" be the strong functorial transfer of 7 to GS* (Corollary 4.2.2). Then 7C is
conjugate self-dual and cohomological with regular highest weight. We let p., be the Galois
representation associated with 76%. Such a pre is constructed in [CH13, Theorem 3.2.3] and the
local-global compatibility is established in [Carl2, Theorem 1.1] and [Carl4, Theorem 1.1]. The
temperedness is established for Archimedean places by Clozel [Clo90, Lemma 4.9] and established
for finite places by [HT01,TYO07,Shill, Carl2, Clo13, Carl4]. The irreducibility follows from local-
global compatibility and from the existence of a place v € ¥°¢ at which 7, has simple supercuspidal
classical L-parameter.

The last assertion follows from Corollary 4.2.2. g

4.4. The Shimura data. We first define the relevant Shimura varieties following [MP16] and
[RSZ20].
Let Fy/F, 7€ F* and V,G,G*, G be as in §4.1.

Definition 4.4.1. A pure inner twist (V,G = U(V)°) of G* is called
e standard definite if V ®p, R is positive definite for each 7 : F — R.

o standard indefinite if V ®p; R has signature (dimV — 2,2) (resp. (dimV —1,1)) in Case
O (resp. in Case U) for 7 = 7y and positive definite (i.e., signature (dim V,0)) for each
7€ X¥ N {mn}.

Suppose (V, G = U(V)°) is a standard indefinite pure inner twist of G*, and G# is the central
extension of Resp/gG defined in §4.1. We have the Shimura datum (G, X%, where X! is the
conjugacy class of a Deligne homomorphism

(4.3) h : Resc/rGL1 — GF @ R

defined as follows:
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e In Case O, let
hoy; - Resc/rGL1 — (Res /0 Gspin(V)) oR= [[ GSpin(V &g, R)
T€Hom(F,R)

be the homomorphism that is trivial on GSpin(V®p R) for 7 # 79, and on GSpin(V®F ., R)
it is induced by

hg,ro :C* — GSpin(V ®pr R) t a+ bi > a+ ber 167, 2
where e, 1, 5,2 are two orthogonal vectors in V @ -, R such that ||e- 1| = [|ex 2| = —1.

We also define

ho"[ : RGSC/RGLl — (RGSF(j)/FGLl) QR = H RGSC/RGLI
T€Hom(F,R)

to be the homomorphism that is trivial on the m-factor and is the identity map on the
other factors. We then define

h(ﬁ) = (hO,hu hO,'[) : ReSC/RGLl - G o R,

which factors through G ® R € G @ R.
e In Case U, for each 7 € Hom(F,C), we fix a C-basis v = (vy, ... ,vn(G))T of V®p, » C such

that
dlag( 17"'71 7_1) ifT:TO
~——
Ir = ((vi, v)); ) = (n(G)~1)-many '
1 lf T 7é T0
Let

hoy : RescgGL1 — GUY(V) @R~ [ GU(V®p,C)
T€Hom(F,R)
be the homomorphism such that on each 7-factor it is given by

a-+bi— a+biJ;.

Let
hoT ReSC/RGLl VA ®R C H Res(C/RGLl
T€Hom(F,R)
be the diagonal embedding. We then define

h = (hog, ho) : Rese/pGL1 — GF @ R.

It is routine to check that (G, X*) is a Shimura datum.
We define

ho : ReSC/RGLl — ResF/QG

to be the composition of h(ﬁ) with the central extension G¥ — Resp/gG, and let X := {ho} be the
G(F @ R)-conjugacy class of hg. Then (Resp/gG,X) is a Shimura datum. Its Hodge cocharacter

1S
z—(z,1)

p:GLy ¢ —— (ResC/RGM)C M (ResF/QG>C.

Its reflex field E is Fi, except in Case U with n(G) = 2, where £ = F. We use the embedding
E — C induced by 9. o
For any rational prime p and any fixed isomorphism ¢, : C = Q,, the induced cocharacter of

(RespoG)g; = [ Gor. Q.
v:F—=Qp
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is conjugate to the inverse of the cocharacter u; defined in (2.5) on the factor corresponding to
tp 0 To|F, and is trivial on all other factors.

We define K, and K%, to be the centralizer of hg and hg, respectively. Then
X = G(FOR)/Ko,  XF=GHR)/KE,.
By Deligne’s theory, there is a projective system
{Shg (Resp/G, X)}

of Shimura varieties defined over E indexed by neat open compact subgroups KX < G(Apy) (as
defined in [Pin90, §0.6]), with complex uniformization

Shy (Resp/gG, X) @5, C =2 G(F)\ (X x G(Aps)/K).

Its complex dimension is dim¢(X). When E = F, we tacitly replace this system by its base change
to F and retain the same notation.
Similarly, there is a projective system

{Shyes (GF, X*) } s

of Shimura varieties over the reflex field E¥ indexed by neat open compact subgroups K* < Gf(A ) 9
Each member has complex dimension dimc(X). If K is the image of K* in G(A ), then there is
a morphism

(4.4) Shy: (GF, X*) — Shy(Resg/gG, X) s

functorial in K.
Finally, we check that (G?,X*) is a Shimura datum of Hodge type and thus (Res /oG, X) is

a Shimura datum of Abelian type. In Case U, this follows from [RSZ20, §3.2], and (G¥, X¥) is of
PEL type. In Case O, let ¢q be the nontrivial element of Gal(F(7)/F). Let H = Cl(V), viewed as
an F-representation of GSpin(V) via left multiplication, and set

H-=Hr F(T).
We define an F-linear anti-involution T on H+ by
(z®a) =2* ®a,

where * is the main anti-involution on H; see [MP16, §1.1]. The use of the conjugation c7 is
essential in order to obtain the norm character in the similitude factor below.
Let f+ € HY satisfy

BL = —p.

We define an F-valued pairing on H=, viewed as an F-vector space, by
Vg1, y) = trpey/F (trrdnj/p(-l) (wﬂ‘lyT» ,  wy€Hq
This pairing is nondegenerate and alternating. Indeed, using
trrder pep) (21) = trrdpg ey (2)7,
the invariance of trp(=),p under ¢4, and the identity Bii = — [+, we have
Vg, 7Y, T) = trperyF (trrqu/F(‘i) (yﬂ‘Ia?T))

= trper)/F (trrde/F(‘i) ((yﬁﬂﬂJT)T))

= trp(nyp (trdas pe (28597) )

= —¥g,1(2,y).

INote that the reflex field E* may be bigger than F}.
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For (g,t) € GSpin(V) x F(T)*, let (g,t) act on H+ by
T — gxt.
Then

Vp-7(97t, gyt) = trpe)/F (trrdHj JFC) (g:rtﬁ-l(gyt)T))
= trpey/F (‘fodﬂq JF(T) (996 4t yTg*))

= v(9) Nmp) p(t) trpey)/p (‘EHdHj JF(T) (CUIB'I?JT>)
= v(g) Nmpy,p(t) ¥pa,7(2, ),
where we used ¢g*g = v(g) and the cyclicity of the reduced trace. The anti-diagonally embedded
Resp/gGLa acts trivially on H+, and the above action therefore descends to an embedding
a:G= ((Res /0 GSpIn(V)) x Resp) /@GLl) JRespgGL1 < Respyg GSpp (HA, Y1) »
(g,t) — (x — gxt).
Moreover, if vgg, denotes the similitude character on GSpp (H+, 13- 7), then

Resp/g(vasp) 0 a = VE,
Now define the Q-valued symplectic form
1#%_“-[ =trp/go Yg,7-
By the definition of G, the restriction of vf to G takes values in the diagonal subtorus
GL; C ResF/QGLl.

Consequently, after viewing H+ as a Q-vector space, the restriction of a gives an embedding of
reductive groups over Q

p: Gl GSp (Hj, 1/1%-[) ,

where the similitude factor is the above diagonal Q-valued character.
It remains to choose f+ so that the above symplectic representation is a morphism of Shimura
data. Equivalently, for every real embedding 7 : F' — R, if

Jr = p(hh(i))

is the induced complex structure on Hq ® ; R, then the symmetric form

(z,y) — Vg1, (2, Jry)

must be definite.

Such a choice of 8 exists by the standard Kuga—Satake linear algebra. At the distinguished real
place 79, where V, has signature (dim V —2,2), this is precisely the usual choice of a skew Clifford
element giving a polarization of the Clifford representation; see [MP16, 3.5]. At the remaining real
places 7 # 79, the space V. is positive definite and the complex structure comes only from the
F(TT)*-factor, so a suitable real multiple of 1 ® 7 gives the required definite form. These local
positivity conditions define nonempty open subsets of

(b€ H1@p, R: bl = —b}.
Together with the open condition of invertibility, weak approximation gives a global element
B-i € Hz|<a BI[ = _ﬁja

satisfying the required positivity at all Archimedean places.
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For such a choice of 5+, the above embedding sends hg to the Siegel double space attached to
the symplectic space

Q
(H, v 4) -
Hence it induces an embedding of Shimura data

(G*, X) = (GSp (H~,9% 5) , &) .

where X is the union of Siegel upper half-spaces attached to (Hj,l/}%_[’-l). Thus (G#,X¥) is of

Hodge type. Since Gf is a central extension of Res r/@G, the Shimura datum (Resp/qG, X) is of
Abelian type.

4.5. Langlands—Kottwitz method. In this subsection, we apply the Langlands—Kottwitz
method to relate the action of Frobenius elements at primes of good reduction to the Hecke action
on the compactly supported cohomology of orthogonal or unitary Shimura varieties. We adopt the
notation from §4.1, and assume:

Notation 4.5.1.
e [ has a finite place q whose residue characteristic is odd and which is inert in F; in Case
U.

e % is a control tuple (see Definition 4.3.1) such that q¢ € ¥5 and ¥ is of the form ¥ =
Y F(Spad), where Sp,q is a finite set of rational primes containing 2 and all rational primes
ramified in F.

e (G,p,2z) is a %-good pure inner form of G*.

e 7 is a Y-good automorphic representation of G.

e K < G(Apy) is a %-split compact open subgroup with 7% £ 0.

e /is a rational prime together with an isomorphism ¢, : C = Q.

e (X,x) is a central character datum for G* (see Definition A.4.2) with

X = (oM HK)NZg-(Apy)) x Zg-(F @ R),

and x is the inverse of the central character of £ (extended from Zg«(F ® R) to X trivially
on o H(K)NZg-(AFy)).

Definition 4.5.2. Suppose (G, X) is any Shimura datum with reflex field £ C C with associated
projective system of Shimura varieties {Shg (G, X)}x defined over E, indexed by the set of neat
compact open subgroups X < G(Ay). Let Z, be the maximal anisotropic Q-subtorus of Z(G),
and let Z,. be the smallest Q-subgroup of Z, whose base change to R contains the maximal R-split
subtorus of Z,; see [KSZ21, Definition 1.5.4]. For each irreducible algebraic representation & of
Gc that is trivial on Z,., there exists a compatible system of lisse Qp-local systems Z,,¢ on this
projective system of Shimura varieties associated with &; see [KSZ21, 1.5.8]. For each i € N, we
define
Hy; o(Sh, Z,¢) := lim Hg; . (Sha (G, X)5, ZLe) -
K—=1
This is a G(A¢) x Galg-module with admissible G(A )-action and continuous Galg-action.
For each admissible representation II of G(A), we define

(4.5) HYy o(Sh, 2,,¢)[I1°] := Homga ) (1011%, Hi o(Sh, Z,¢) ) -

This is a finite dimensional representation of Galg, unramified at all but finitely many places. We

set
SS

Hi o(Sh, ,,¢)*[I1] = (Hiy o(Sh, Z,¢) 1))

ét,c ét,c

for its semisimplification.
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Similarly, if G’ is any reductive group over Q such that G'(R) is compact, then for each irre-
ducible algebraic representation (£, Vg) of G, we define the injective system of algebraic automor-
phic forms valued in 1, V¢ as

{AG(Q\G'(Ap)/K, L)t
indexed by compact open subgroups K < G'(Ay), where A(G'(Q)\G'(Ay)/K,Z, ) consists of
maps ¢ : G'(Ay) — 1Ve such that ¢(gk) = ¢(g) and ¢(vg) = 7.4(g) for any g € G'(Af),v € G'(Q)
and k € K. For each compact open subgroup X < G’ (A?), we write

A (G QNG (Af) /K, L) = T%A (G (Q\G'(Ay)/HpK?, Z,,c)
gP

where K, runs through compact open subgroups of G'(Q)).

The following theorem describes the Galois action on the cohomology of orthogonal or unitary
Shimura varieties, which is the main result of [KSZ21] (cf. [KS23, Theorem 7.3]).
Theorem 4.5.3. Suppose K, < G(F ® Q,) is hyperspecial for some p > 3, and ¢, : C = @p s an
isomorphism such that 1,019 : Fi — Q, induces a finite place p € Sg, ({p}). Define a test function
[ =frf, et (ResF/QG(Af),9{> with f, = 1g,. Then there exists jo € Z such that

2 dim¢ (X)
S (U T (S0 Hy (Sh, L)) = Y U)STS (hE))
1=0 ec€an(G)

for all positive integers j > jo. Here STenx is the elliptic stable distribution associated with ¢ (see
Definition A.4.9), (¢) € Q is the global coefficient introduced by Kottwitz and Shelstad (cf. [Art13,
Equation (3.2.4)]), and hg'; = hGe’poohE';hS'oeg € H(G*(Ar),x ) are defined in [Kot90, KSZ21].
In particular, o(e) =1 if G* = G*, and
o WGP s an endoscopic transfer of fP>°, (Note that such a transfer exists in the fized-central
character setting, by first lifting f along the averaging map H(G(AFr)) — H(G(AFr),x 1),
and then taking the transfer to H(G*(Ar)), and finally taking the image along the averaging
map H(G*(Ar)) — H(G*(Ar),x 1)),

° hlc)’:'; is the base change transfer of

2= L (2 ot (21) € (GF &Z1). Gy (Z,10))

(where we write G, for [lves, (p)) Resop, /2,90 and write Z”ij for the integer ring of the
unramified extension Qi of Qp of degree j - log,,([Ipll)) down to H(G(F ® Qp), Gp(Zy)),

o hoGOTE = #I(G*(F ® R))™! Y o€l (G* (FeR)) J7oo» that is, the average of the pseudo-
coefficients for the discrete series L-packet of G*(F ® R) associated with &.
Definition 4.5.4. Let [r] be the set of isomorphism classes of %-good automorphic representations
7 of G(AF) such that 7o =2 7, for each v € E%n. Consider two automorphic representations
71,72 € [m] equivalent and write 7 ~ 7o if #7° = 75°. In particular, [7]/ ~ is a singleton in Case
U and Case O1.
Choose one representative from each equivalence class in [r]/ ~. We define the virtual Galois
representation

2 dimg ( )

PEn = (~) e ST ST (C1) HY o (Sh, Z,)[7*°] € Ko (QlGalr])

T[]/~ =0

where K (@[Galpl]) is the Grothendieck group of finite dimensional continuous representations

of Galp, with Qg-coefficients unramified at all but finitely many places.
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We will also need the following cohomology spaces to deal with non-compact Shimura varieties:
Let
sz)(Sh,éfg) g 2)(Shﬂ(G X), Z)
K—1
be the L2-cohomology of Sh(G, X) X g, -, C as defined in [Fal83, §6], and let
IH*(Sh, %,,¢) == hﬂ IH*(Shy (G, X), Z,,¢)
K—=1

be the ¢-adic intersection cohomology of Sh(G, X). These two cohomologies are equipped with ad-
missible G(A  ¢)-actions defined by Hecke correspondences. There are natural G(A r f)-equivariant
maps

(4.6) Hg; c(Sh Lig) =~ LZH( )(Shwg&) - Hét@hﬁzf)»

et C(Sh "%zﬁ) - IHZ(Sh Zzﬁ)

and it follows from Zucker’s conjecture [Loo88, LR91,SS90] that there is a G(AFf f)-equivariant
commutative diagram

et c(Sh sz) —_— IHZ(Sh Zz&)

(4.7) \ F

LgHéQ) (Sh, fg)

Lemma 4.5.5. The maps in (4.6) induce isomorphisms
Hi; (Sh, Z,,6)[m] 2 1oH{5)(Sh, %) [1*°] = Hi, (Sh, Z,,6) [7*].
Moreover, dim Hy, (Sh,.%,,¢)%[7>°] = dim H, (Sh, Z,¢)[m™].

Proof. The isomorphisms follow from Franke’s spectral sequence [Fra98, Theorem 19] and the last
assertion follows from Borel-Casselman’s decomposition of sz)(Sh,.ﬁfg) as direct sums of certain
multiplicities of 7, for each m € L3, .(G(Ap))*™ (thus H{y)(Sh, %) is semisimple as a G(Afgy)-
module); see [BC83]. The proof is the same as that of [KS23, Lemma 8.1(1)], thus omitted here. [

Theorem 4.5.6. For all but finitely many finite places p of Fy not lying over £ or places in ¥, and
for all sufficiently large positive integers j (depending onp),

or (aglof) = mlm) ol 5 7 o (1S (o)

where qzﬂpb is the classical L-parameter of m, . Moreover, the only nonzero term in the definition

of p&;, (see Definition 4.5.4) appears in the middle degree dimc(X). In particular, p§, is a genuine
representation of Galp, .

Proof. We imitate the arguments of [Kot92] and [KS23, Proposition 8.2]. Consider the test function
f=foo® fyst ® FEIUEE on G(AF) such that
o foo = (#I(G(F®R)))™ ZTOOGHg(G(F(@R)) fr., i.e., the average of the pseudo-coeflicients
for the discrete series L-packet of G(F ® R) associated with &.

o f BUEF ¢ | (G(AIE;S;)) so that, on the finite set of cuspidal automorphic representations
7 satisfying
(7’rf)‘7( #0 and tr(foolfroo) # 0,
it acts by the scalar 1 on those 7 satisfying

#> has the same T>-character as 7>
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and
T 27,  (veXRNESY),

and by the scalar 0 on the remaining representations in this finite set. Let X« C E%ﬂ NOR

be the finite set of places at which the local component of fEStUEOFo is not the unit of the

corresponding spherical Hecke algebra.

o fyse = @ exst f&fyv, where each fﬁf,v is a Lefschetz function (see Definition A.4.7).

Choose a finite place p of F; whose underlying place p, of F' does not belong to ¥ U ¥*"* and
whose residue characteristic p is different from ¢. Choose an isomorphism ¢, : C = Q, such

that 1, o 70 : Fi — @, induces the place p. Then the stabilized Langlands-Kottwitz formula
(Theorem 4.5.3) simplifies to
2dimc(X) ' o
> (1 T (10f 0 [Hiy o(Sh, Zije) ) = ST (hE)),
i=0

because the stable orbital integrals of hS" vanish for G* # G* as they equal s-orbital integrals
of fLGéf’v with kK # 1 up to a nonzero constant, and fﬁfﬂ) is stabilizing (see Definition A.4.7);
see [Lab99, Theorem 4.3.4]. Note that the left-hand side equals

(~1) e e a(G)r (oo, )

by definition of f*° = fyst ® fEStUEOFO, where ¢(G,) is the Fj-rank of Gy,.
Then it follows from the simple stable trace formula (Theorem A.4.10) and Definition A.4.8
that

(4.8)  STE(he) = Taspa ([P fpifo) = D m(@)t(fPorP>)er(fy 1) tr(foo o)

#elrry P (G)

where f} ; = hg; via the identification g, : G*(F®Q,) = G(F ®Q,). The term on the right-hand
side vanishes unless 7, is unramified and both traces tr(fP>°|7P>°) and tr(fs|7o) are nonzero. If
a summand indexed by 7 contributes, then the choice of fEStUE%O implies that 7> has the same
T*-character as 7=, and that
TTp = 7y (ve X~ B,

By strong multiplicity one for the strong functorial transfers and Corollary 4.2.2, 7 and 7 have the
same local classical L-parameter at every finite place. At v € X5 the packet is a singleton, and at
v ¢ ¥ both representations are spherical. Hence 7 € [r]. In particular, 7, = 7, for v € ¥p({p}) as
7y is unramified. By Definition A.4.8, the right-hand side of Equation (4.8) equals

1 : Gu) (o G*
Z m(ﬂ)(—l)zuegSt (G ep(Troo ®§)tr(hm H TrU)
#le(G(F o R)) 7, veSr({p))
- (—1)dim(c(X)'~'Zv625t q(G”)m(Tr)tr (hg’ﬂ H m,)_
veXr({p})

Here we use that m(7) = m(m) for each 7 € [r] by Arthur’s multiplicity formula. Thus

tr (ag|p§h) = m(m)tr (hg; H 7TU>.
veXr({p})
To analyze the right-hand side, consider the conjugacy class

{n} : GL;c — (ResF/QG)C
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of Hodge cocharacters defined in §4.4. The irreducible highest-weight representation
A —
(ResF/@G) = H G,
TEXY
associated with {u} is the standard representation on the 7y component and trivial on other com-

A
ponents. Furthermore, the Satake parameter of 7, belongs to the o,-coset of <(Res F/QG) & Qp) ,
A
identified with (Res F /QG) via ip, in the L-group. Thus the 79-component of the Satake parameter
of the representation [, s, (p}) o Of (Res F/QG) ® Qp is identified with the Satake parameter of
Ty, , Since the composite
FoCc2Q,
induces the place p,. Then it follows from [Kot84, (2.2.1)] that
a(hGl TT ) = Il ™5 (wdf o).

veXp({p})

dimg (X)
2

and the first assertion follows.
For every ¢, define the genuine semisimple Galois representation

Vim @ (I (Sh, Z,0) [7]) .

eln]/~
By Lemma 4.5.5 and (4.7), we obtain
2 dim¢(X) '
P&l = > (~) ey,
=0

The coefficient local system .Z),¢ is pure of weight 0. Hence V; is pure of weight ¢, by Pink’s
purity result [Pin92, Proposition 5.6.2] and the purity of intersection cohomology. (Note that the
weight cocharacter of the Shimura datum which appears in [Pin92, §5.4] is trivial because Z(G) is
anisotropic).

Fix a place p for which the first assertion of the theorem holds. Since 7, is tempered for every
7 € [x], the first part of the theorem and Theorem 2.3.1 imply that, for all sufficiently large 7,

2 dimg (X)

Z (_1)i—dimC(X)Lzltr (O_g“/;)

=0
. j dimg (X)
is a power sum all of whose bases have complex absolute value ||p|| 2

Since V; is pure of weight 7 and all constituents of a fixed V; occur with the same sign, no
cancellation is possible for i # dimg(X). The linear independence of the sequences j — o/ implies
that V; = 0 for i # dimc(X). Thus only the middle degree contributes, and

PSh = Vdime(X)
is a genuine representation of Galp,. O
Corollary 4.5.7. The Galois representation pg;, has contribution only coming from the middle
degree dime (X)), and for each w € E%‘f with underlying place v € Z%n it has a subquotient whose
semisimplification is isomorphic to

N(G)—1—dimg(X)

ss ~GL _ dimg(X)
(pﬂ-’g‘WFl,w> ® Le ’_’Fl,w ’ = e ¢7rv ® ‘_‘Fl,w ’

as a Wg, ,,-module, where pr is defined in Theorem 4.3.6.
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Proof. This follows from Theorem 4.5.6, together with the local-global compatibility and irreducibil-
ity of pr ¢ (Theorem 4.3.6), the Brauer—Nesbitt theorem, and the Chebotarev density theorem. [

To end this section, we recall a hypothesis describing the Galois representation appearing in the
generic part of the middle degree ¢-adic cohomology of orthogonal and unitary Shimura varieties.
It will later be used in the proof of the strong Kottwitz conjecture.

Hypothesis 4.5.8. Suppose ¢ is the trivial representation of (Resy/oG) ®q C, except in Case 02,
where its highest weight is

(1,...,1)
at every infinite place. Suppose 7 is a cuspidal automorphic representation of G(Ap) that is
cohomological for &, with generic elliptic global parameter

¢:H1+”'+HT7

where each II; is a conjugate self-dual cuspidal automorphic representation of GL,,; (A, ) for each
1<j<r,and ny +---+n, = N(G). We set

~ . JHN(G),N(G)~-2,...,2,-2,...,—-N(G)} in case 02,
" {N(G)-1,N(G)—3,...,3— N(G),1 - N(G)} otherwise.

There is a unique partition 3 = J; [ - - [[J, such that, for every j,
<Z5Hj,m\<cx = @ arg’.

iij
The Galois representation pg; has contribution only coming from the middle degree dim¢(X),
by the same argument as in the last part of the proof of Theorem 4.5.6. If pg;, # 0, then 7, is the
discrete series representation of G, (R) that corresponds to a character of S,y . Let xx be the

T0
pullback of this character along the localization map

Gy — G, .
¢ ¢TO
Identify the global component group &, with the kernel of the homomorphism
(Z/2Z)3 — Z/QZ: Zaiei = Zamz
1€ 1€J
Let 1 < j(m) < r be an integer such that x, equals the projection of (Z/2Z)” to the j(r)-th
coordinate. In Case O2, two distinct coordinate characters may have the same restriction to Gy,

so J(m) may have two elements. We let J(7) be the subset of [r]4 consisting of all such choices of
j(m), then there is an isomorphism of Galois representations

®m(m)
pgh = ( @ ij,Z) : GalFl - GLm(w)Z
J€3(m)

jea(m)

Here pr, ¢ is the Galois representation attached to II;, for example as in [BLGGT14, Theo-
rem 2.1.1]1°.

Remark 4.5.9. In Case O, if F = Q, then Hypothesis 4.5.8 is a corollary of [Zhu24, Corollary 9.8.10].
In general, Hypothesis 4.5.8 will be established in a sequel to [KSZ21], assuming the full endoscopic
classification for the corresponding unitary and orthogonal groups, cf. [LL21, Hypothesis 6.6, Re-
mark 6.7]. Note that the generic part of the endoscopic classification for such groups is established
by Chen-Zou [CZ25, Theorem 2.6].

101y that reference, 7 is assumed to be a regular C-algebraic cuspidal essentially self-dual representation of GL,,, but
the Galois representation is associated with 7 ® | det |*=™/2 which is regular L-algebraic.
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5. LOCAL AND GLOBAL SHIMURA VARIETIES

In this section, we relate local shtuka spaces with minuscule p (or local Shimura varieties) to
global Shimura varieties, in order to prove a key result on the cohomology of local shtuka spaces,
namely Corollary 5.2.3, using global methods.

Let p be a rational prime, let ¢, : C = Q, be a fixed isomorphism, and let K be a finite extension
of Qp. Let £ # p be a rational prime and fix an isomorphism ¢, : C = Q. The isomorphism ¢,

fixes a square root of p in Q. The latter is an f-adic unit and therefore has a reduction in F~.

5.1. Basic uniformization of Shimura varieties. In this subsection we briefly review the basic
uniformization of the generic fiber of a Shimura variety following [Han20, §3.1] and [Ham25, §4].
We adopt the notation on local shtuka spaces from §3.2.

Let G be a connected reductive group over Q and (G,X) a Shimura datum of Abelian type
with associated conjugacy class of Hodge cocharacters {u} : GLi ¢ — G¢. Suppose G =G ® Q) is
unramified, and we fix a Borel pair (B, T) for G, then we get from {4} and ¢, a dominant cocharacter
u for G@, with reflex field £, /Q,.

For each neat compact open subgroup K = K,K? < G(A ), we have the adic space S, x» (G, X)
over Spa(E,,) associated with the Shimura variety Shy,%»(G,X), and we define

Sg(p(G,X) = 1&11 Sg(pg{p(G,X),
Kp—1
which is representable by a perfectoid space because (G, X) is of Abelian type, see [Sch15,Shel7].
By the result of [Han20], there exists a canonical G(Qp)-equivariant Hodge-Tate period map defined
in [Sch15,CS17]
mHT : Sxr (G, X) — Grg y,

where Grg , is the Schubert cell of the B;-affine Grassmannian of [SW20] indexed by u, defined
over Spa(E,).

We write p®* = —wp(p) € Xo(G), where wy is the longest Weyl group element. Let b €
B(G, 1, 1®)pas be the unique basic element and 1 € B(G)pas be the trivial element, then we obtain
the open basic Newton stratum Gr%w C Grg, as defined in [CS17, §3.5], and let Sy»(G,X)P C
Sxr (G, X) be the preimage of Grg ., under myr, called the basic Newton stratum.

Suppose p > 2 and G is unramified, then Shen’s result [She20, Theorem 1.2] together with
[Han20, Proposition 3.1] state that (G, X) has a basic uniformization at p in the following sense:

Theorem 5.1.1. There exists a Q-inner form G’ of G such that

e G'® A? 2GR Afc as algebraic groups over AL,

e G'®Q, = Gy,

e G'(R) is compact modulo center,
together with a G(A y)-equivariant isomorphism of diamonds over E := QuE,;:

lm Sy (G, X)® 2 (G/(Q\G'(Ag) Xgpq(zz) SHH(G, b, 1, 1)) /Gb(Qy),
Kr—1
where Gp(Qyp) acts diagonally and G(Ay) = G’(A?) x G(Qp) acts on the right-hand side via the
natural action of G'(A’}) on G'(Q)\G'(Ay) and the action of G(Q,) on Sht(G,b, 1, 4%). Moreover,
under the identification Grgu = Sht(G, b, 1, 1*)/Gp(Qp), the Hodge—Tate period map:
mar ¢ lim Sur(G,X)P — Grg#
KP—1

identifies with the natural projection

(G'(@\G'(Ag) Xgpa(iy SHE(G, b, 1, 1%) ) /Go(Qp) — Sht(G, b, 1, 11*) /Go(Qy)-
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This basic uniformization at p will allow us to deduce an isomorphism

— dim (X)

REe(G,b, 1, %) @ 1 ||, * [dime(X)] @, g,) A (G (Q\G(Af) /KT, Z,¢)
= R, (Sxr(G,X)°, Ly

of G(Qp) x Wg,-modules, for each algebraic representation £ of G¢ that is trivial on Z,. (see
Definition 4.5.2), where L, ¢ is the rigid analytification of the lisse Qy-sheaf Z,,¢ associated with £
(see Definition 4.5.2). When composed with the morphism

RI (S50(G,X)P, Liye) = BT (Soer (G, X), L)

coming from excision with Zy-coefficients with respect to the open basic stratum & (G,X)g{p C
S(G, X)x», this isomorphism gives us a uniformization map between cohomologies. We recall the
following result from [Ham25, Proposition 4.1].

Proposition 5.1.2. Suppose p > 2, then there exists a G(Qp) x W, -equivariant map

— dimg (X)

O 1 RIL(G,b, 1, u*) @il *  [dime(X)] @k, g, A (C/(Q\G(A)/K”, Z,¢)
— RFC (S(G, X)g{p, ,Cng)

functorial with respect to KP.

Next, we apply ‘Boyer’s trick,” an analogue of a result of [Boy99], relating the supercuspidal part
of the cohomology of the local Shimura variety to the cohomology of the global Shimura variety. We
recall the definition of being fully Hodge-Newton decomposable in the sense of [RV14, Definition
4.28] and [GHN19, Definition 3.1]:

Definition 5.1.3. Let G be a quasisplit reductive group over @, with a Borel pair (B, T), and let
1 be a dominant cocharacter for G@. Then (G, u) is called fully Hodge—Newton decomposable if
for every non-basic px-conjugacy class b € B(G,1,u) (see (3.3)), there exists a proper standard
Levi subgroup M of G, a dominant cocharacter up of I\/I@ and an element by € B(M, 1, um) such

that um is conjugate to p under G(Qp)-action, and by is mapped to b under the natural map
B(M) — B(G).!!

Ezample 5.1.4. Suppose
e G = Resg/q,G" where K /Qp is unramified and G* is a quasisplit reductive group over K
defined in §2.1, moreover we assume that G, is geometrically simple,

e 1 is the dominant cocharacter of

(ResK/QpG*)@% H B G%
veHom(K,Qp)

that equals p; defined in (2.5) on one factor and trivial on the other factors,
then (Resg,q,G", 1) is fully Hodge-Newton decomposable: By [GHN19, Theorem 3.3, Proposition
3.4], it suffices to show that {u} is minute for Resy g, Grq as defined in [GHN19, Definition 3.2].
Then it suffices to show that {x1} is minute for G* by [GHN19, §3.4], and this follows from the
classification in [GHN19, Theorem 3.5]; cf. [GHN19, §3.7].

Finally, we recall the following result of Hamann [Ham25, Proposition 4.4].

UEor a fixed b € B(G, 1, u), the condition that b is Hodge-Newton decomposable with respect to some proper Levi
in the sense of [GHN19, Definition 3.1] is exactly the condition that the local Shimura datum (b, 1) is Hodge—Newton
reducible in the sense of [RV14, Definition 4.28].
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Proposition 5.1.5. If p > 2, G is unramified, and (G, u®) is fully Hodge—Newton decomposable,
then the uniformization map © in Proposition 5.1.2 induces an isomorphism of Wg,-modules

—dimg (X)

@sc : RFC(G7 b7 17 N.)SC & Ly ‘_‘Eu ’ [dlm(C(X)] ®Iéb(Qp) A (G/(Q)\G/(Af)/g{p’ 9%45)
= R, (Sxr(G,X), L)

on the summands where G(Q),) acts via a supercuspidal representation.

sC

Proof. The proofs of [Ham25, Lemma 4.3, Proposition 4.4] go through verbatim. The key point
is that the non-basic Newton strata of the flag varieties Grgu are all parabolically induced from
Newton strata on flag varieties associated with properly contained Levi subgroups of G, thus do
not contribute to the supercuspidal part of cohomology. ]

5.2. Globalization. In this subsection, assume that K/Q, is unramified. Let G' be one of the

quasisplit reductive groups over K defined in §2.1, and we adopt the notation there. By a simple

application of Krasner’s lemma and the weak approximation theorem (see, for example, [Art13,

Lemma 6.2.1], [CZ25, Theorem F.1]), we may choose a CM or totally real number field F; C C

with maximal totally real subfield F' C F}, together with distinct rational primes p, g, r, such that
e p.q are inert in F7,

(F1®Q)/(F®Qp) = Ki/K
as extensions,
e r > N(G)+2, and
e risinert in F', and moreover I} ® QQ, is a ramified quadratic extension of F'® QQ,. in case U.
Write p1 = (p),q1 = (q),v1 = (r) € E%Ill with underlying places p,q,t € Zf}“, respectively, and
let 7y denote the fixed embedding F' — C. We fix a vector space V over F} equipped with a

nondegenerate Hermitian c-sesquilinear form on V such that
o (V,G =1U(V)°) is standard indefinite (see Definition 4.4.1),

e The Hasse-Witt invariant of V is trivial outside {q} U X%, and

e V ®r F, is isomorphic to V' as a c-Hermitian space over Fj,.
Adopt the notation from §4.1 for V. In particular, we have reductive groups G, G*, G over F
with G,q geometrically simple; if F} # F', we have fixed a totally imaginary element 7 € F/*, so
each embedding 7 : F' — C extends to an embedding 7 : F; — C sending 7 to R4i. Then G = G,,.
Let (Resp/gG,X) be the Shimura datum defined in §4.4 with a conjugacy class of Hodge
cocharacters {u}. Via 1, we may regard {u} as a conjugacy class of cocharacters

GLL@ — (RGSF/QG>@ = H G QFw @
vEHom(F,Qp)
Then it contains a dominant cocharacter p that equals p; defined in (2.5) on one factor and

trivial on the other factors. In particular, (Res x/Q,Gs ,u) is fully Hodge—Newton decomposable by
Example 5.1.4.

Let (V/,G' = U(V’)°) be a standard definite pure inner twist of G* (see Definition 4.4.1) such
that the Hasse-Witt invariant of V' is nontrivial at p and trivial outside {p,q} UX¥ (such a pure
inner twist exists uniquely), and define J := G{J, which is isomorphic to Gy, , where by is the unique
nontrivial basic element in B(G)pas. We also regard by as the unique nontrivial basic element in
B(Resg/q,G)bas via the isomorphism B(Resg /g, G )bas = B(G)pas-

We have the following globalization result.

Proposition 5.2.1. Suppose p € s (J) is supercuspidal, then there exists:
e a control tuple % for G* (see Definition 4.3.1) such that p € ¥5¢,%° = {p, q} and 5 = {q}.
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e a Y -split compact open subgroup KP < G’(A%f) (see Definition 4.3.3); and

e a % -good automorphic representation II' = Q11! of G'(AF) (see Definition 4.3.4) such
that I}, = p and (H;F)g{p # 0.
Such a tuple (e, KP,I1') is called a good globalization of p.

Proof. Choose a finite place v of F' not in {p,q}, and let 3¢ := {p,t}. It follows from [CZ25,
Theorems C.3 and D.2] that there exists a supercuspidal representation 7, of G'(F;) with a simple
supercuspidal L-parameter. Since G'(F ®R) admits discrete series, the standard Plancherel density
theorem, for example [Shil2, Theorem 1.1.(i)], applies. In particular, if we choose an algebraic
irreducible representation & of (Res r/QG’ ) ® C, then it follows from [Shil2, Theorem 1.1.(i)] that
there exists a {-cohomological cuspidal automorphic representations I of G'(Ar) such that IIj is
Steinberg, T}, = p, and TI; = 7.

By choosing a sufficiently large finite subset of places ¥ of F' containing {p,q,t} and X%, we
can make sure IT/ is unramified for all v € E%n ~ 2. We can also choose a ¥-split compact open
subgroup K? < G/(AY; ) such that (II7)*" # 0. O

Suppose p € Il (J) is supercuspidal with supercuspidal classical L-parameter é, and let
(J, KP,II') be a good globalization of p. Let
¢35 : T = C,

be the Hecke character associated with IT', and set m := ¢, ker(qﬁﬁ,), which is a maximal ideal of
1¢T*. Consider the uniformization map
— dimg (X)

O : RT.(G.b1, L) ® ||, *  [dime(X)] @) AG(FNG (A )/ K 2,e)
— RFC(Sg{p (RGSF/@G, X), ﬁng)

which is G(K) x Wk, -equivariant and functorial with respect to K? by Proposition 5.1.2. Here
we use that Sht(Resg,q,G,b1,1, %) is naturally isomorphic to Sht(G,b1,1,u1); see §3.2. We
localize both sides at m and restrict to the parts on both sides where G(K) acts via supercuspidal
representations to get an isomorphism

— dimg (X)

Omsc : RTe(G, b1, 1, i)se @ e[ =, * [dime(X)] ©Y ) AG/ (FNG (Ar ) /K, L,y )m
= RT(Sx» (ReSF/QGa X), L1ye)m

by the strong multiplicity one result Corollary 4.2.2 and the basic uniformization result Proposi-
tion 5.1.5 and Example 5.1.4. Note that, by Corollary 4.2.2 again, the left-hand side decomposes
as a direct sum

— dimg(X) - om(IT')
(5.1) D (RFC(G, b1, L, )se @t | =g, = [dime(X)] @Y ee(1T}) ) ,
g

where I’ runs through %-good automorphic representations of G/(Ar) such that (II')® has asso-
ciated Hecke character d)?[, and H;, has classical L-parameter ¢.

Corollary 5.2.2. Both sides of Ongc are concentrated in cohomological degree dime(X). Thus
Omsc identifies their only nonzero cohomology groups as G(K) x Wi, -modules. Moreover, this
W, -module has a subquotient whose semisimplification is isomorphic to

~ _dimC(X)
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Proof. By the direct sum decomposition (5.1), it suffices to prove the concentration statement for
each summand
dimg (X)

RFC(G> blv 17 /J'l)sc @ Ly |_|E' 2 [dlmC(X)] ®3(K) Lf(ﬁlf)g{p7

where II' runs through - good automorphic representations of G'(Ar) such that (II')® has as-
sociated Hecke character ¢H, and H’ has classical L-parameter ¢. Fix such a I, and let II be a
*-good transfer of II' to G; see Theorem 4.3.5. Let

prr e - Galp, — GLy () (Q)

be the Galois representation associated with II' by Theorem 4.3.6. Since (II')* has associated
Hecke character QSH,, the same theorem and the strong multiplicity one result imply that pry g
also the Galois representation associated with I’ and to its transfer II. Under the umformlzatmn
isomorphism Oy, ¢, the above summand corresponds to the II>-isotypic part of the target. By
Corollary 4.5.7, this isotypic part occurs only in degree dimc(X). Hence every summand in (5.1)
is concentrated in degree dimc(X), and therefore both sides of Oy s are concentrated in degree
dim¢(X).

It remains to prove the asserted existence of the Wi, -subquotient. For this, take the particular
summand corresponding to the original globalization I’ = II, which occurs in (5.1). Let IT be a
%-good transfer of I’ to G. Applying Corollary 4.5.7 to the IT*-isotypic part of the target gives a
W, -subquotient whose semisimplification is isomorphic to

(5o 55

Transporting this subquotient through the isomorphism ©p, . proves the claim. O

In particular, by the direct sum decomposition (5.1), we get the following key corollary:

Corollary 5.2.3. If ¢ € ®(J) is a supercuspidal L-parameter with associated packet f[q;(J), then
the direct summand of

@ RI(G,b1,1, ) [eef]
petiy(J)

where G(K) acts by supercuspidal representations, denoted by

@ RFC(Gablalvlu‘l)[Lfﬁ,]SC?
prefiy(J)

is concentrated in the middle degree 0, and it has a subquotient whose semisimplification is isomor-
phic to quﬁGL as a W, -module.

6. PROOF OF THE COMPATIBILITY PROPERTY

In this section we prove Theorem A. Here p is a rational prime, K/Q), is an unramified finite
extension, ¢ is a rational prime distinct from p with a fixed isomorphism ¢ : C = Q, and
(G = Gpy» Obys 2b,) 18 an extended pure inner form of G* of Case O or Case U as in §2, such
that G splits over an unramified finite extension of K. Let m € II(G) be an irreducible smooth
representation with classical L-parameter ¢ € ®(G*). We will show ¢* = $£S|WK1 using induction
on n(G).

In Case O2 or U, when n(G) = 1, G is a torus. Thus the assertion is known by compatibility
of Fargues—Scholze LL.C with local class field theory, see Theorem 3.1.1.

60



In Case U, when n(G) = 2, choose a quaternion algebra D over K containing K such that the
Hermitian space V is identified with D, viewed as a two-dimensional right Kj-vector space with
the Hermitian form induced by the reduced norm. G is contained in the unitary similitude group

G* 1= GU(V) = (GL1(D) x Resg, /i GL1)/GLa,

where GL; acts anti-diagonally. By [Tad92, Proposition 2.2], for any m € II(G), there exists # €
II(G*) such that 7 is a subrepresentation of ﬂu\G( K)- S0 the assertion follows from compatibility for
G* (see [HL24, Lemma 4.13(3)]) and compatibility of Fargues-Scholze LLC with central extensions
(see Theorem 3.1.1).

In Case O1, when n(G) =1, G is of the form PGL; (D) for some quaternion algebra D over K,
and the LLC for G defined in Theorem 2.3.1 equals the LLC for G via the LLC for GL;(D) con-
structed in [DKV84,Rog83] and the projection GL1 (D) — PGL; (D); see [AG17, pp. 385-386]. Thus
the main theorem follows from compatibility for inner forms of general linear groups [HKW22, The-
orem 6.6.1] and compatibility of Fargues—Scholze LLC with central extensions; see Theorem 3.1.1.

In Case 02, when n(G) = 2, G is isomorphic to

(ReSK//K SL1(D)K’> /12,

where K is either K x K or the unique unramified quadratic extension of K, and D is a quaternion
algebra over K; cf. [KR99, §0]. In fact we can prove the main theorem whenever K’ is an étale
extension of K of rank at most two. The L-parameter is constructed for G as follows (not only up
to outer automorphism): For any 7 € TI(G), by [Tad92, Proposition 2.2] there exists 7* € TI(G?),
where

(;”:t = (RGSK//KGLl(D)K/) /GL1

is a group containing G, such that 7 is a subrepresentation of the restriction of 7 to G (K). Then
the L-parameter ¢ is given by ¢, composed with the natural map LGt — L@, see [AG17, pp. 385—
386]. Thus, as before, the main theorem follows from compatibility for inner forms of general linear
groups [HKW22, Theorem 6.6.1] and compatibility of Fargues—Scholze LLC with central extensions,
Theorem 3.1.1.

Then, in all remaining cases G,q is geometrically simple. We suppose throughout this section
that the assertion is known for G(ng) for each ng < n(G).

First, if 7 is non-supercuspidal, then the assertion is true:

Proposition 6.0.1. If 7 € TI(G) is a subquotient of a parabolic induction, then ¢ = QEES]WM.

Proof. Suppose 7 is a subquotient of I]GD(J) where P < G is a proper parabolic subgroup with
Levi subgroup M, and o € II(M). By compatibility of Fargues—Scholze LLC with parabolic
induction (see Theorem 3.1.1) and compatibility of classical LLC with parabolic induction (see
Proposition 2.4.3), the assertion for 7 follows from the assertion for 0. The Levi subgroup M of G
is of the form
G(no) x Resg, /x(H)

for some integer ng < n(G), and H is a product of general linear groups. So the assertion follows
from the induction hypothesis and compatibility of Fargues—Scholze LLC with products (see The-
orem 3.1.1) and compatibility of Fargues—Scholze LLC with classical LLC for general linear groups
(see Theorem 3.1.1). O

Assume now that 7 is supercuspidal, so ¢ is a discrete L-parameter by Theorem 2.3.1. There
are two cases that can occur for the L-packet I15(G*):

(1) Case (1): II 5(G™) consists entirely of supercuspidal representations,

2) Case (2): II;(G*) contains a non-supercuspidal representation.
¢

In the following subsections, we prove the main theorem in each case.
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6.1. The first case. In Case (1), I q;(G*) consists entirely of supercuspidal representations, so it

follows from Corollary 2.5.2 that 6 is a supercuspidal L-parameter.
We first prove the compatibility for representations of Gj,, where b; is the unique nontrivial
basic element in B(G)pas-

Proposition 6.1.1. If ¢ € ®..(G*) is a supercuspidal L-parameter, then é,E;S’WKl = ¢ for any
pE H&(Gbl)
Proof. First assume that rp,(—1) = 1, so G = G*. Write

=@ @y,

where the ¢; are irreducible representations of Wy,. By Corollary 5.2.3, Equation (3.5) and the
compatibility of Fargues—Scholze LLC with contragredients, Theorem 3.1.1, we see that ¢; appears
in

@ Ma‘ntGyblvl»H (Lfﬁ)
pellz(G))
as a representation of Wi, for each i. It follows that ¢; is an irreducible subquotient of ($ES|WK1 )G
for each ¢ and each p € ﬂ(;(Gbl)y by Corollary 3.4.3 and [Kos21, Theorem 1.3].'2 Since ¢ and
(égS]WKl)GL are both semisimple with dimension N(G), we deduce that they are equal. Thus it
follows from [GGP12, Theorem 8.1.(ii)] that ¢ = épES‘WKl'
Now assume that kp,(—1) = —1, so Gy, = G*. It follows from the weak Kottwitz conjecture

Corollary 3.4.2 that some 7 € ﬁ&(G*) appears in Mantg p, ., (tep). We then have L = &gs by
Proposition 3.2.3. Thus

J7FS JFS 7

¢ﬁ |VVK1 = 0z |VVK1 =9,
where the second equality follows from the first case, upon replacing (G = Gzo,gbo,zbo) with
(Gbl7 Oby+b1 Zbo+b1>‘ O

Finally, to deduce the compatibility for 7 € II <Z3(G)’ we apply this result with (G = G}, by, 2b,)
replaced by (Gb,, Obg+by» Zby+b, ), because then the unique nontrivial basic element in B(G, )bas
induces an inner form of G, that is isomorphic to G.

6.2. The second case. In the second case where II ¢3<G*) contains a non-supercuspidal represen-
tation, we write

P =1 @D DD D1 D D by,

where the ¢; are irreducible representations of W, x SLa(C) of dimension d; for each ¢, and d; is
odd if and only if 7 < k.
We now prove the main theorem in this case.

Proposition 6.2.1. If f[(g(G*) contains a non-supercuspidal representation prg., then ¢3§S|WK1 =
& for every 7 € ﬁqg(G).

Proof. Write ppg. = 7y for some I € Z([r]})/ ~¢ with #[I] = 0(mod 2). We prove by induction
on m := #.J that
P we, = 0
for every
7 = e € H(G) UTIZ(Gy,).

12Note that the notation MG b,k in [Kos21] is just our Shtx (G, b,bo, u*), so there exists no dual appearing; cf.
[Ham25, Remark 3.8].
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If m = 0, then ™ = p},., and the assertion follows from Proposition 6.0.1. Assume m > 0
and that the result is known for smaller values of m. Let & = 7[;q ) with #J = m. If 7 is not
supercuspidal, the assertion again follows from Proposition 6.0.1.

Suppose 7 is supercuspidal, choose J' C J with #J = m — 1, and set @ = T(r@g)- Then
7 e 1:[¢~5(G;’;,), where b’ € B(G*)pas is the unique basic element with kg« (b')(—1) = (=1)™~!, and
the induction hypothesis gives

0w, =

Corollary 3.4.2 shows that 7 occurs in

MantG;,,bh{m}(ﬁ[IEBJ’] ),

where by € B(G}))pas is the unique nontrivial basic element. Indeed, the error term has no super-
cuspidal constituents. Proposition 3.2.3 therefore gives

7FS _ JFS _ 1

Pz |W;<1 - ¢ﬁ[1@Jl]|WK1 = ¢~

This completes the induction. ]

7. APPLICATIONS

7.1. Unambiguous local Langlands correspondence for even orthogonal groups. Com-
bining the Fargues—Scholze correspondence with the classical correspondence, we obtain an un-
ambiguous local Langlands correspondence for even special orthogonal groups: its parameters are
defined up to conjugation by SOg,(q)(C), rather than only by Ogy,(q)(C). We retain the notation
of §2. In particular, p is a rational prime, K/Q, is unramified, and (G = Gy, , 0u,; 2p,) is a pure
inner twist of G* of type O2.

Theorem 7.1.1. In Case 02, let (G = Gy, 0by,20,) be a pure inner twist of G* such that
ordg (disc(G)) = 0(mod 2). Then there exists a map

rechG II(G) — @(G)
fitting into the following commutative diagram.:

i
recq

I(G) —— ®(G)
)

)

I(G) —<— &(aQ).

For any ¢ € ®(G), we write I14(G) := (1recu Y~"H(), called the L-packet for ¢. This correspondence
satisfies the following properties:
(1) If ¢ € ®(G) is not relevant for G in the sense of [KMSW14, Definition 0.4.14], then
H¢(G) =J.
(2) For each ¢ € ®(G) and m € I14(G), 7 is tempered if and only if ¢ is tempered, and 7 is a
discrete series representation if and only if ¢ is discrete.
(3) recuG only depends on G but not on gy, and z,,. For the fized Whittaker datum v of G*,
there exists a canonical bijection

b bg + H¢(G) l) II‘I“(6¢; Hbo)

for each ¢ € ®(G), where Irr(Sy; ky,) is the set of characters n of &y such that 1(zy) =
Kby (—1). We write m = Ty p, (¢, ) if ™ € LI4(G) corresponds to n € Irr(Sy; Ky, ) under Ly p -
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(4) (Compatibility with Langlands quotient) Let P < G be a parabolic subgroup of G with a Levi

factor

M= ReSKl/KGLdl X - X ReSKl/KGLdT X G(no),
such that M = gp,(M*) for a standard Levi subgroup M* of G*. Suppose m € II(G) is the
unique irreducible quotient of

IS(nev)R-- K (r, ") Kr),

where

dl—l—---—f—dr—l—nozn(G), 12> 5. >0,
70 € temp(G(n0)) has parameter ¢g := rechG(no)(Wo), and 7; € I3 temp(GLg,) has parameter

i. Then reck (7 equals the image under “M — G o
G

(611138 ) x -+ x (& [=[32,) x b0 € D(M).
Moreover, under the natural identification Gy, = &y, one has
Lo b (1) = rog by (T10),
where wq is the induced Whittaker datum on M*.
(5) (Compatibility with standard ~-factors) Suppose m € II(G) with ¢ := rechc(ﬂ), then for any
character x of K*,
’}/(77', X 11)1(7 8) = 7(¢GL & X ¢K7 8)7

where the left-hand side is the standard ~y-factor defined by Lapid—Rallis using the doubling
zeta integral [LRO5] with the normalization modified in [GI14], and the right-hand side is
the ~y-factor defined in [Tat79].

(6) (Compatibility with Plancherel measures) Suppose m € II(G) with ¢ = reclé;(w), then for
any d € Z4 and any T € II(GLg i, ) with L-parameter ¢,

Mg (7— ® v K 77) :7(¢T ® (quL)Vall)Kl; S) : ’7(¢¥ ® ¢GL711);{17 _8)
X Y (A (Br), Wics 25) - (A2 (Y)W —25),

where the left-hand side is the Plancherel measure defined in [GI14, §12]; cf. [GI16, §A.7].
(7) (Local intertwining relations) Suppose P < G is a mazximal parabolic subgroup with a Levi

factor

M= GLd X G(n — d),

T € Il temp(GL4 K, ), 70 € temp(G(n — d)), ¢o = rechG(n_d)(Wo), and 7 € Iiemp(G) is a

subrepresentation of 1G(1 R mg). Assume that M = gy, (M*) where M* is a standard Levi

subgroup of G*, and voq is the induced Whittaker datum on M*, then ¢ = recuc;(w) equals

the image of

¢T X ¢0 € (I)(M)
composed with the canonical embedding “M — LG. Furthermore, if ¢, is self-dual of sign
1 and the normalized intertwining operator

R (w, 7 X mo) € Endgx) (IIGD(T X 7r0))

defined in [CZ21a, §7.1] acts on 7 by an element € € {1}, where w is the unique nontrivial
element in the relative Weyl group for M, then

1= L by () € Irr(Sy)

restricts to twg b (m0) € Irr(Sgy,) under the natural embedding G4, — Sy, and satisfies
n(er) = €, where e, is the element of &y corresponding to ¢.
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(8) (Compatibility with Fargues—Scholze LLC) Suppose £ is a rational prime distinct from p
with a fived isomorphism 1y : C = Qq. For any w € II(G) with L-parameter ¢ = recuc(w),
the semisimplification satisfies ¢* = LzlqﬁFS € P%(G).

LT
Proof. We first explain why the Fargues—Scholze parameter singles out one of the two possible lifts
of the classical parameter.

Let ¢ € ®2(G*). By [GGP12, Theorem 8.1(ii)], the fiber of

over ¢ has cardinality two precisely when every irreducible summand

p Msp,

of the standard representation ¢S has even dimension. We claim that, in this case, the same
property remains true after semisimplification. Indeed, the semisimplification of such a summand
is

a-1 a=3 1-a
(eBsp,)* = (po -1 ) @ (po -1 ) @@ (pol-1 )
Thus every irreducible summand of (p X sp,)® has dimension dim(p). Suppose, for contradiction,
that dim(p) is odd. Since
dim(p X sp,) = adim(p)

is even by assumption, ¢ must be even. On the other hand, for an odd-dimensional conjugate
self-dual representation p, its sign is b(p) = 1. Hence

b(pRsp,) = b(p)(~1)* ' = —1.
This contradicts the fact that pXsp,, is a summand of the standard parameter for G*, whose relevant
summands have sign b(G). Therefore dim(p) is even. Consequently every irreducible summand of
G has even dimension.
Applying again [GGP12, Theorem 8.1(ii)], we see that the fiber of

PS(G*) — DB(GY)
over ¢* has the same cardinality as the fiber of

Dy (G*) — Do (G¥)
over ¢. In particular, the semisimplification map induces a bijection

{se02@) |0 d) = {¢f ™G | ¢ = ¢}

This is the key point: the two possible lifts of ¢ remain distinct after semisimplification, so a
semisimple Fargues—Scholze parameter can distinguish them.
Now let 7 € I3 temp(G), and let

b = recg(m) € By(G*)

be its classical parameter. By Theorem A, the Fargues—Scholze parameter of 7 maps to the same
ambiguous semisimple parameter:

Lg_ld)FS — g555 in éSS(G*)

Lo
Hence Lzléfg belongs to the fiber over ¢**. By the bijectivity just proved, there exists a unique
element
¢ € Po(GY)

lying over ¢ such that

-1 _FS

¢SS = [’f ¢Lg7T'
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We define

recg(w) = .
This definition removes the outer-automorphism ambiguity in the classical correspondence: the
classical parameter ¢ determines only an O2,,(C)-conjugacy class, while the Fargues—Scholze pa-
rameter is a canonical semisimple SOq,(C)-conjugacy class. Since the two possible SOq, (C)-lifts
have distinct semisimplifications, the Fargues—Scholze parameter selects exactly one of them.

This defines rechG on discrete tempered representations. We extend it to all tempered rep-
resentations by induction using the local intertwining relation in (7), exactly as in the proof of
Proposition 2.4.3. More precisely, if a tempered representation occurs as a constituent of a normal-
ized parabolic induction from a proper Levi subgroup, then the parameter on the Levi is already
defined by the induction hypothesis, and (7) determines both the image parameter in ®(G) and
the internal parametrization of the packet. The preceding discrete tempered construction gives the
initial case.

Finally, for a general irreducible smooth representation = € II(G), we define recg(w) by the
Langlands quotient property (4). Namely, write 7 as the unique irreducible quotient of the standard
module

IS (meov)R---K(n @) Knr),
with s1 > .-+ > s, > 0, 7; essentially square-integrable representations of the relevant general linear
groups, and 7y tempered. We then set recuGOr) to be the image of

(f11=13) x - x (=132, ) * rech ) (70)

under the canonical embedding “M — LG.

The commutative diagram follows from the construction. Properties (1)—(3) are the corre-
sponding properties of the classical correspondence, together with the definition of recuG as the
unique Fargues—Scholze-compatible lift. Properties (4) and (7) hold by construction. Properties
(5) and (6) follow from the same properties for the classical correspondence in Theorem 2.3.1, since
the standard representation ¢l is unchanged by passing from the ambiguous parameter ¢ to its
lift ¢. Finally, property (8) is exactly the defining compatibility condition for discrete tempered
representations, and for tempered and general representations it follows from the compatibility
of the Fargues—Scholze correspondence with parabolic induction and Langlands quotients, Theo-
rem 3.1.1. ]

Furthermore, the weak version of the Kottwitz conjecture Theorem 3.4.1 can be strengthened
as follows:

Theorem 7.1.2. Suppose (G = G;)‘O,gbo,zbo) is a pure inner twist of G* associated with by €
B(G*)pas, p is a dominant cocharacter of G*F and b € B(G*,bo, pt)pas is the unique basic element.
If ¢ € ®2(G*) is a discrete L-parameter and p € I14(Gy), then

Mantg p, ., (tep) = Z dim Homsg, (6[n, p], T;.) [em] + Err
7I'€H¢(G)

in Ko(G,Qy), where Err € Ko(G,Qy) is a virtual representation whose character vanishes on

G(K)s.reg,ell-
Moreover, if ¢ is supercuspidal, then Err = 0.

Proof. This follows from Theorem 3.4.1 and Proposition 3.2.3, by extracting the terms whose
Fargues—Scholze parameters equal ¢*, noting that Mantq j ,,; commutes with <. O

We conjecture that the correspondence defined in Theorem 7.1.1 satisfies the “unambiguous”
endoscopic character identities of [Kall6]. This should reflect the expected compatibility of the
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Fargues—Scholze correspondence with endoscopic transfer. More precisely, we expect that the en-
doscopic character identities follow from an ambiguous version of the conjectural averaging formula
of Shin stated in [Ham24, Conjecture C.2], where ambiguity means we conflate representations
conjugated by some outer automorphism. For example, in the trivial endoscopy case, using the
Kottwitz conjecture Theorem 7.1.2, we prove the following endoscopic character identity between
G and G*.

Theorem 7.1.3. Suppose ¢ € o(G*), and g € G(K)sregel, h € G*(K )s.reg,ell are stably conjugate,

then
> 0,(9)=804(h) = > Ox(h),

pETl4(G) r€lly(G*)
Proof. This is established by reversing the argument in the proof of Theorem 3.4.1. Given g, h,
we may choose a dominant cocharacter u of G*F such that (g,h,u) € Rely,. Here we identify

Gy, with G*. We apply Theorem 7.1.2, and it follows from Proposition 3.4.6 and the proof of
Proposition 3.4.7 that for any = € I1,(G¥),

(7.1) Z O (h') dim T, [\ = Z dim Homsg, (6[p, 7], 7,.)O,(9)-
(h',N) pelly(G)
For each p € I14(G), when 7 runs through all elements of I14(G*), [p, 7] runs through every element

of Irr(S; Ky, ) exactly once. Note that for the fixed g, a character A € Xo(Za(g)) = X*(T) can be

extended uniquely to a triple (g, k', \) € Rely, if and only if the restriction of A to Z (é)GalK equals
Kby see [HKW22, p. 17]. So we sum Equation (7.1) over m € II4(G*) to get

(7.2) Z dim 7,[A\]SO4(R')
(7.3) = dim Hom,, 265k (Kbg» T Z O,(
P€H¢(G)
(7.4) - < > dimmA]> Y 6,
(' \) pelly(G)
If there exists a pair (h',A) such that T,[\] # 0, (g,h',\) € Rely, and A # p, then we may

replace p by the dominant representative of )\ to get a new equation. By the highest weight theory
of representations, after finitely many steps we may replace the original p by another p/ such that
the only term in the summation of (7.2) is indexed by (h, u’). Thus we get:

Y Op(g) =504(h).

pElly(G)
L]

The arguments above show a general strategy to eliminate ambiguity in local Langlands cor-
respondence caused by outer automorphisms: If we can construct a coarse local Langlands corre-
spondence for all extended pure inner twists of a quasisplit reductive group G* over K up to action
of a finite group 2l acting by outer automorphisms, character twists or taking contragredients, and
verify endoscopic character identities in the sense of [Kall6] but up to action by 2, then we may
use it to deduce a weak version of the Kottwitz conjecture up to action by 2. If we can also show
the local Langlands correspondence constructed is compatible with Fargues—Scholze parameters
up to action by 2 in the sense of Theorem A, and the semisimplification map ®(G) — ®%(G) is
injective on each orbit of the QA-action, then we may use the action of 2l on the local shtuka space
and [Kos21, Theorem 1.3] to extract a local Langlands correspondence not up to action by 2(. For
example, we expect the strategy to hold for constructing local Langlands correspondence for pure
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inner forms of the even rank unitary similitude group GU(2n) with respect to unramified quadratic
extensions or general even special orthogonal groups GSO(2n), following work of Xu [Xul6].

7.2. Naturality of Fargues—Scholze LLC. In this subsection, we will prove the following “nat-
urality” property of Fargues—Scholze LLC for G, which is precisely [Ham24, Assumption 6.5], and a
weaker result for a central extension of Resg /g, G, which will be used to prove a vanishing result for
relevant Shimura varieties in §8. We first recall some notation from [HL24, §4.2.1]: For a quasisplit
reductive group G over a non-Archimedean local field K of characteristic zero with a Borel pair
(B, T), if b € B(G)un, there exists a standard Levi subgroup My, of G contained in a standard par-
abolic subgroup Py, such that G, = My under the inner twisting by b, and B N M, < My, transfers
to a Borel subgroup B, < Gp. Let W}, := Wg/Wy,, and we identify any element of W}, with a
representative in Wg of minimal length. For a character y of T(K) and w € W), we set
(7.5) Phw = Ig: (x") ® 5Pb1/2.

We now verify a property of the Fargues—Scholze LLC, which is stated as an assumption
in [Ham24, Assumption 6.5].

Proposition 7.2.1.
(1) For each b € B(G*), the classical LLC recg; : I(G}) — ®(Gy) is compatible with the

Fargues—Scholze LLC, i.e., Le_1¢5§r = ¢ for each m € II(G}).

(2) For b € B(G*) and p € II(G}), let ¢ € ®(G*) be the composition of ¢, € ®(G}) with the
twisted embedding

tay = PMy, — ta,

as defined in [FS24, § 1X.7.1], then ¢ factors through the canonical embedding “T* — LG*
only if b € B(G*)un-

(8) In the situation of (2), if b is unramified and ¢ factors through ¢p~ € ®(T*), then p is
isomorphic to an irreducible constituent of pff’w, where w € Wy, and x is the character of T*
attached to ¢+ via local Langlands correspondence for tori.

Proof. For (1): each Gy is an inner form of a Levi subgroup M, of a parabolic subgroup of G*, thus
is of the form Resp, /i H X G’, where G’ is a special orthogonal or unitary group that splits over an
unramified quadratic extension of K, and H is a product of general linear groups. So the assertion
follows from [HKW22, Theorem 6.6.1], Theorem A, and Theorem 7.1.1.

For (2): suppose b ¢ B(G*)yn. By [Ham24, Lemma 2.12], G} is not quasisplit. Consequently,
T is not relevant for G, in the sense of [KMSW14, Definition 0.4.14], and hence I1g,(Gy) is empty.
Indeed, by Jacquet—Langlands correspondence [DKV84], this follows from Theorem 7.1.1 together
with the corresponding results for inner forms of general linear groups. This yields a contradiction.

For (3): first, we note ¢ is semisimple, since “7* consists of semisimple elements. Since Gy, = M,
the preimage of ¢ under the natural embedding

(M) — O(G")
is parametrized by a set of minimal length representatives of Wj. The assertion follows from the
compatibility of the classical LLC with parabolic induction (Theorem 7.1.1). The factor 5;5/ % s
included precisely to cancel the modulus-character twist appearing in the twisted L-embedding
LGy =2 LMy, — EG* defined in [FS24, §1X.7.1]. O

We also need to prove a weaker result for a central extension of Resg/q,G*. More generally, we
impose the following global setup for future use:

Setup 7.2.2.
e Let F' be a totally real number field and F; be either F' or a CM field containing F', and
let ¢ € Gal(Fy/F) be the element with fixed field F,
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e Let p be a rational prime that is unramified in F, with a fixed isomorphism ¢, : C = Q,,
and we write K = F' ® Qp, which is a finite product of unramified finite extensions of Q,,

e Let G be a standard indefinite special orthogonal or unitary group over F' defined by a
c-Hermitian space V as in Definition 4.4.1, such that G* := G ® p K is quasisplit and splits
over an unramified finite extension of Q.

e for each quadratic imaginary element 7 € R.i (in particular T2 € Q_), we have defined in
§4.1 a central extension

1—Z% - G* - Resp/gG — 1

where
70Q _ {Z S ReSF(-[)/QGLl : NmF(‘l)/F(Z) S QX} in Case O
{# € Resp, joGL1 : Nmp, /p(2) € Q*} in Case U.

Moreover, this central extension splits in Case U. In Case O, we assume that Q(7)/Q is
split at p, so

Z° ® Q, = GL1 x Resg,GL1, G* ®Q, = GL; x Resg/q, GSpin(V*).
Set
(7.6) G = G'2Q,,

which is a central extension of Resy /g, G*. We fix a Borel pair (B!, T%) for G* with image
(B, T) in ReSK/QpG*'

We now prove a version of Proposition 7.2.1 for those L-parameters of G! coming from L-
parameters of Resg g, G™:

Theorem 7.2.3. Let ¢ € ®¥(Resg/q,G*) and let & be the image of ¢ under the natural L-
homomorphism L(ResK/QpG*) — Lt
(1) Suppose b € B(G*) and p* € H(Ggﬁ). Assume that the image of gbfs under the twisted

P
embedding

LGh =My — LGP,

as defined in [FS24, §IX.7.1], equals ¢*. Then p* factors through a representation p €
II((Resg q,G")b), where b is the image of b under the map B(G¥) — B(Resg/q,G"), and
the classical LLC ¢, € @((ReSK/QpG*)b) is defined, and the image of ¢ under the natural

FS
tept”

(2) Situation as in (1), if ¢* factors through the canonical embedding “T* — LG¥, then bf €
B(G") .
(3) In the situation of (1), if b* is unramified and ¢* factors through ¢p: € ®5(T*), then p* is

. . . . . # .
isomorphic to an irreducible constituent of Pz)fu,wuz where wt € Wyt and X! is the character

L-homomorphism L(ResK/@pG*)b — LGgﬁ equals L[1¢

of T¥ attached to ¢+ via local Langlands correspondence for tori.

Proof. Note that Ggﬁ is a product of Weil restrictions of general linear groups, unitary similitude
groups or general spinor groups, so for any b* € B(G*) and pf € H(Ggﬁ) asin (1), p* is trivial on the
kernel Z of the map Ggﬁ (Qp) — (Resk/q,G")s(Qp), by compatibility of Fargues—Scholze LLC with
central characters, Theorem 3.1.1. Thus p* factors through a representation of (Resy 10,G)n(Qp)
because either the central extension

1 — Z = G* = Res g, G* — 1
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is split or the kernel Z is an induced torus, i.e., a product of tori of the form Resr, o, GL1 for finite
extensions L;/Q,. Now (1) follows from compatibility of Fargues-Scholze LLC with central exten-
sions,4 Theorem 3.1.1, and (2)—(3) follow from Proposition 7.2.1 and the following Lemma 7.2.4
showing that ®%°(Resx/q,G*) — P (GY) is injective. O

Lemma 7.2.4. Suppose K is a non-Archimedean local field of characteristic zero and 1 — Z —
G — G — 1 is a central extension of reductive groups over K such that Z is a torus and G'(K) —
G(K) is surjective, then the natural homomorphism G — LG’ induces an injection ®%(G) —
@SS(G/).

Proof. It follows from [Kot85, (1.9.1)] that there is a long exact sequence of pointed sets
1—Z(K)— G(K)— G(K) - B(Z) — B(G') — B(G).
So the hypothesis implies that B(Z) — B(G') is injective. By the Kottwitz isomorphism for tori,
this implies that
Z(/G\/)GalK . ZGalK

is surjective, and hence so is
/\GalK

GO, g0aix
Now apply the non-abelian cohomology exact sequence attached to 1 — G—>G —Z—1. The
preceding surjectivity implies that the induced map on continuous cocycles

H' (Wi, G) — H' (W, )
has trivial kernel. Thus ®%(G) — ®(G’) is injective. O

7.3. Strong Kottwitz conjecture. We now revisit the Kottwitz conjecture discussed in §3.2 and
§3.4. We combine the compatibility result and the Act-functors defined in §3.3 to describe the
complex of G(K) x Wg,-modules RI'.(G, b, 1)[p] without passing to the Grothendieck group and
without the condition that p is minuscule. We adopt the notation from §3, but without quotienting
by outer automorphisms in Case 02, because we now have the unambiguous LL.C Theorem 7.1.1.
In particular, K is a non-Archimedean local field with residue characteristic p, and ¢ is a rational
prime different from p with a fixed isomorphism ¢, : C = Q.
We first recall the following general result of Hansen [Han20, Theorem 1.1].

Theorem 7.3.1. Suppose G is a quasisplit reductive group over Q, with a Borel pair (B, T), by €
B(G)pas is a basic element, p is a minuscule dominant cocharacter of G@, and b € B(G,bg, u®)

(see (3.3)), so (Gpy, b, 1®) is a local Shimura datum in the sense of [RV14, Definition 5.1], and
p € II(Gp, Qp). Suppose the following conditions hold:
(1) Sht(G, b, by, ) appears in the basic uniformization at p of a global Shimura variety in the
sense of Theorem 5.1.1.

(2) The Farques—Scholze L-parameter d)gS 18 supercuspidal.
Then the complex RT' (G, b, by, u®)[p] is concentrated in middle degree, which is 0 under our nor-
malization.

Note that Sht(G*, b1, 1, u1) appears in the basic uniformization of a global Shimura variety of
Abelian type defined in §4.4, where by € B(G*)pas is the unique nontrivial basic element and p; is
defined in (2.5).

For the remainder of this subsection, fix a supercuspidal L-parameter ¢ € ®y.(G*) such that

P =01 @ DD D1 D D By,

where the ¢; are distinct irreducible representations of Wi, of dimension d;, and d; is odd if and
only if i < k. We use the combinatorial notation on L-parameters introduced in §2.6. By the weak
version of the Kottwitz conjecture together with the preceding theorem, the following holds.
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Corollary 7.3.2. For each subset I C [r]y with #I = 1(mod 2), there is an isomorphism

RT(G*, b1, 1, ) [t )] = @D divemra iy
=1

of complexes of representations of G*(K).

Proof. It follows from Theorem A that LZI¢E§T[1} = ¢ is supercuspidal, so Theorem 7.1.2 and

Proposition 3.2.2 imply that
[RTC(G*, b1, 17u1)[bz7fm]} =Y dilumagy] € Ko(G*, Q).
i=1

Moreover, Theorem 7.3.1 implies that RI'.(G*, b1, 1, pu1)[eem)] is concentrated in degree 0. Hence
it is a finite-length smooth representation of G*(K) that admits a finite filtration whose graded
pieces consist of d; copies of 1y for each i € [r]1. By Corollary 2.5.2, mjgy € II(G) is
supercuspidal for each i € [r];. Since supercuspidal representations are injective and projective in
the category of smooth representations with a fixed central character, this filtration splits, and the
assertion follows. O

The Act-functors defined in §3.3 relate to the cohomology of local shtuka spaces via the following
result of Fargues—Scholze [FS24, §X.2] and Hamann [Ham25, Corollary 3.11]. Recall that we write
& : Wi — LG for the homomorphism corresponding to the supercuspidal L-parameter ¢ € 5°(G);
see §2.2.

Theorem 7.3.3. Suppose that u is a dominant cocharacter of G% and b € B(G*, by, tt)pas- The

highest weight tilting module T, ofCA? naturally extends to a representation T, ofCA? XWg, as defined
in [Kot84, Lemma 2.1.2]. Moreover, for each p € l14(Gy) there is an isomorphism

RT(G*,b,bo, 1) [Lep] = @ Acty(tep) X 1yHomg, (77,’7; o (‘MWE#))
nelrr(Sy)
of Gy (K) x W, -modules.

Combining this theorem with the monoidal property of Act-functors, we deduce the analogous
result for non-minuscule p, extending [Ham25, Theorem 8.2] and [MHN24, Theorem 4.6, Theorem
4.22] to special orthogonal groups and unitary groups.

Theorem 7.3.4. For each I C [r]y, there exists a bijection of multisets

(7.7) {Actipzy (7)) Yeeply E AT Yoelr, -

We choose a permutation og of [r]+ such that

Acti(2))(7e)) = Moo (@)}]
for each x € [r];. For each by € B(G*)pas and dominant cocharacter p of G*? with reflex field E,,
if b € B(G*, by, lt)pas, we write

o WE# = H ]
Tuo (6 lws, ) = D Kol
=1

as a sum of irreducible representations of &3 x Wg,, where I} € P([r]y.)/ ~y, for 1 < j <my. Then

for any subset I C |r]L with #1 = 5(ZD=1 (164 2 , there is an isomorphism of G} (K) x Wg -
2 bo w
modules
my
(7.8) vy "RL(G*, b, bo, 1) [1em )] = €D Traon( oy B o
j=1

71



Proof. If we apply Theorem 7.3.3 to b = b1,bg = 1 and p = pq, we get an isomorphism

RFC<G*, bl, 1, Ml)[//ﬂr[l]] = @ LgACt[{j}] (71'[[}) X (ZSj
j=1

of representations of G*(K) x Wy, for each I C [r]4 with #I = 1(mod 2). So it follows from
Corollary 7.3.2 and Schur’s lemma (noting that each Act(;)(7y)) is irreducible) that there exists a
bijection of multisets

(7.9) {Actifey (mn) baer)y = Aoz baep),

(The only subtlety comes from the case when k = 2, but it is easy to verify that this bijection holds
in this case).

Next we consider [I'] € Z([r]+)/ ~ with #[I'] = 0(mod 2). For each j € [r];, it follows from
the bijection (7.9) for [I] = [I'] © [{;j}] that there exists z; € [r]; such that Act(,y)(7T[re()) =
mp). Thus it follows from the monoidal property of Act recalled in §3.3 that Actig, y (7)) =
(e[} We then get a bijection of multisets

(7.10) {Actipe; (7)) e, S AT mentier, -

Note that if ; = xj/, then [I’ ® {j}] = [I' ® {j'}]. It follows from numerical counting that the
left-hand side must equal the multiset {Act(g;y (7))} jer). > and there is a bijection of multisets

(7.11) {Actipn(mn) Yien = Ammegytiens -

Now the first assertion follows from (7.9) or (7.11) depending on the cardinality of I.
For the second assertion, by Theorem 7.3.3, it suffices to prove that

(7.12) Actpy) (1) = Tr@os (1)
for all I,J C [r]+. By the monoidal property of Act-functors recalled in §3.3, it suffices to prove
(7.13) Act)(T[e]) = oy ()]

for all I C [r]4. We prove (7.13) by induction on #I. The cases #I = 0 and #I = 1 follow
respectively from the identity property of Actjz and from the definition of og. Assume #I > 2.
For each i € I, the induction hypothesis and monoidal property give

(7.14) Actiry(mig)) 2 Actiy) (Toy (1)) -

By the first assertion already proved, there is a bijection of multisets

{Acti (Moo (i) e = AT oo fiheloa() N Ficks
For j € I ~ {i}, the induction hypothesis gives

Act ()] (Tloo (1 {i1)]) = Tlop(In{i})] = Tloa(IN{iD@&{os()}]-

Removing these common terms from the two multisets, we obtain

(7.15) {Actig) (Tloo (e git) Vel ~ (41 S AT oo gih) et ) el s ~ (U~ {ih)-

For each i € I, the object Act(j(mz)) occurs in the left-hand multiset of (7.15), by (7.14). The
intersection, over all i € I, of the supports of the corresponding right-hand multisets consists only
of T, (r))- Hence

Actn) (i) = Too (1),

which proves (7.13), and therefore (7.12). O
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In particular, understanding the part of the cohomology of local shtuka spaces with supercus-
pidal L-parameters is reduced to understanding the decomposition of 7, o ((ﬁu]WE“) as Gy X Wg, -
modules, up to permutation of the L-packet I (G).

Theorem 7.3.4 implies that the strong Kottwitz conjecture [HKW22, Conjecture 1.0.1] is equiv-
alent to the triviality of the permutation oy. For example, this is known for G = U(V) or GU(V)
where V' is an odd-dimensional Hermitian space with respect to the unramified quadratic extension

Q,2/Q, by [BMN23].

Theorem 7.3.5. If Hypothesis 4.5.8 holds, then oy is trivial, and the strong Kottwitz conjecture
holds.

Proof. Fix I C [r]; with #I = 1(mod 2). By Theorem 7.3.4, there is an isomorphism of G*(K) x
W, -modules

(7.16) 1y 'RE(G*, by, 1, i) [eemppy] &2 @wu@{m 1y X ;.

Following §5.2, we globalize K1/K to F;/F and G*/K to G/F, and retain the notation from
there. In particular, let (V,G = U(V)°) be the standard indefinite pure inner form of G* with
Gy = G*, and let (V', G’ = U(V’)?) be the standard definite pure inner form of G* with Gy, = Gy .

Set p := mp € II(Gy, ). We use the following globalization of p different from Proposition 5.2.1.

Lemma 7.3.6. There exists
e a control tuple % for G* (see Definition 4.3.1) such that £ = ¥° = {p} and 25 = &
such that the highest weight of € is trivial except in Case 02, where it is

1,...,1)

)

at every infinite place of F ;'3
e a Y -split compact open subgroup KP < G’(A'}f) (see Definition 4.3.3);
e an automorphic representation II' = Q|11 of G'(AF) such that
— 1L, = p and (H/p)wp #0;
— HL is unramified for all v € Ef}n AN
— IT/ is cohomological for &, i.e.,

H'(Lie(G(F @ R)), Koo, I, @¢ &) # 0

for some i € N;
— The natural localization map

Gfd, — 6¢
associated with the formal parameter 1 of II' is an isomorphism.

Proof. Recall that
=010 DL B k1B DGy
We define global classical groups G; over F' for 1 < ¢ < r as follows. In case U, let G; denote the
quasisplit global unitary group over F' of geometric rank d; that splits over Fi. In case Ol, d; is
even for every 1 <i <7, and we let G; := SOgq,+1. In case O2, we choose elements ®; € F'* such
that
o (—1)%®; is totally positive for every 1 <i < r.

13 The representation £ cannot be chosen to be trivial: otherwise, the formal parameter 1 of II' would fail to be
regular algebraic at the infinite places. For such parameters, local-global compatibility for the associated Galois
representations is not yet known at ramified places.
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e The extension F,(1/®;)/F}, corresponds to det o¢; under the local Langlands correspondence
for every 1 <i <r, and

e disc(G) - [;<;<, @i belongs to (F*)2
Then we set G; = Spy,_; for 1 <i <k, and set G; = SOY' for k+1<i<r.
Fix, for each 1 <4 < r, an irreducible representation 7; of Gi(Fp) with L-parameter

o in case U
¢; @ (det og;) in case O.

Since G;(F ® R) admits discrete series by Harish-Chandra’s criterion and our choice of ®;, the
standard Plancherel density theorem, for example [Shil2, Theorem 1.1.(i)], applies. In particular,
if we choose an algebraic irreducible representation &; of (Res F/QGZ-) ® C, then it follows from

[Shil2, Theorem 1.1.(i)] that there exists a &;-cohomological cuspidal automorphic representation
II; of GZ(AF) such that H@p = ;.

For each 1 < i < r, Arthur’s multiplicity formula, Theorem 4.2.1, implies that there exists
an elliptic global A-parameter v, for G; such that II; belongs to the corresponding packet, i.e.
II; € Az, (Gi). Since the localization {bi’p is isomorphic to ¢; ® (det og;), ¥, must be in fact
an irreducible self-dual cuspidal automorphic representation of GLy(g,)(AFr). We then define an
elliptic global A-parameter

= Y+t in case U
(Y1 @ x2,) +--+ (¥, ®xp,) in case O
for G.
By choosing algebraic irreducible representations &; of (Res Ia /@Gi) ® C suitably, we may ensure

that the restriction of the Archimedean L-parameter attached to the localization of the isobaric
sum

% BB,
at every infinite place to Wg = C* is isomorphic to
@argi
1€J
for
~  HN(G),N(G)—-2,...,2,-2,...,—N(G)} in case 02,
o {{N(G) —1,N(G)-3,...,3—N(G),1 - N(G)} otherwise.

Finally, it follows from Arthur’s multiplicity formula for G that there exists a &-cohomological
automorphic representation I = @, II;, of G'(A ) with formal parameter v, satisfying IT}, = p. By
choosing a sufficiently large finite subset of places ¥ of F' containing {p} and X%, we may assume
that II/ is unramified for all v € E%n ~ X. We can also choose a ¥-split compact open subgroup

KP < G'(AF; ;) such that (IT})*" # 0. O
Choose %, K?, and II' as in Lemma 7.3.6. Let
o5 T = C
be the associated Hecke character of II', and define m := ¢y ker(¢g,), which is a maximal ideal of

1T, Following the argument of §5.2, we obtain an isomorphism

— dimg (X)

Omse : RLe(G™ b1, 1, pn)se @ e =, * [dime(X)] @fe) AG/ (F\NG'(Apf) /K, 2, 6)m
= RT(Sx» (ReSF/QGa X), L1ye)m-
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By further applying a Hecke projector, we may restrict to the terms corresponding to those auto-
morphic representations II' of G'(A ) cohomological for ¢ such that (H/f)2 has associated Hecke

character ¢f,. But each such II' must satisfy I'I;J >~ II’, by our choice of II' and Arthur’s multiplic-
ity formula.'* By an analogue of Theorem 4.3.5, for each 1 < j < r, there exists an automorphic
representation II; of G(Ap) satisfying that
o II;, = II)) via the isomorphism G(F,) = G'(F,) induced by the inner twists for every
v E E%“ \ X, and

* jp = Mrefoo ()
Combining with Equation (7.16), we see that ¢; is a submodule of the W, -module pgﬁ for each
1 < j < r. However, it follows from Arthur’s multiplicity formula that og(j) is contained in
J(1I;), and it follows from Hypothesis 4.5.8 that j is contained in J(II;). Thus j and og(j) are
both contained in J(IL;) for each 1 < j < r. By the same hypothesis, either o4(j) = j or

~

J(1L;) ={j,05(j)}. In either case we have

{7t ®{oa(i)} ~ 2.

As a result, oy acts trivially on the quotient labelling, and we may replace it by the trivial permu-
tation in Theorem 7.3.4. O

Theorem 7.3.4 can be formulated more naturally in terms of eigensheaves. We recall from
[Farl6, Conjecture 4.4] that a Hecke eigensheaf for ¢ is an object G, € Dys(Bung+, Q) such that,
for any finite index set I and (V,ry) € Rep@(LG*I ), there exists an isomorphism

(7.17) it Tv(Gy) = Gy ®ry o ¢ € Dis(Bungs, Q) BVx

that is natural in I and V and compatible with compositions of Hecke operators.
Following [MHN24, §4.1.3], we construct eigensheaves attached to the supercuspidal L-
parameters ¢:

Theorem 7.3.7. Set

g¢ = @ ACtn(ﬂ'[@]) S Dlis(BunG*a@)'
nelr(Sy)

Let G4 act on the summand Actn(ﬂ'[g]) through the character 1.
o G, is supported on B(G*)pas C |Bungs|, i.e., on the semi-stable locus of Bung-.

e For each b € B(G*)pas, under the natural identification DHS(Bunlé*,@) with Dys(G5, Qp),
there exists an isomorphism

Gy = ) 111 B o (1)
e () /~k,
#r="00D" (104 2)

of representations of Sy x Gy(K).
o G, is a Hecke eigensheaf for ¢, i.e., (7.17) holds.
Proof. These assertions follow from the bijection (7.7) and the symmetric monoidal property of

the Act-functors recalled in §3.3, in the same way as in the proof of [MHN24, Proposition 4.18,
Theorem 4.19)]. O

Mere we use that G/ (F ® R) is compact, so each discrete series packet is a singleton.
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8. A VANISHING RESULT FOR TORSION COHOMOLOGY OF SHIMURA VARIETIES

We use the compatibility result to prove a vanishing result for the generic part of the cohomology
of orthogonal or unitary Shimura varieties with torsion coefficients.

We first recall the general torsion vanishing conjecture of [Han23, Ham24]. Let (G,X) be a
Shimura datum with reflex field E C C (which is a number field), and let p be a rational prime
coprime to 2 - #m (|G, G]), with a fixed isomorphism ¢, : C = Q. The isomorphism ¢, induces a
place p of E over p, and we write C,, for the completion of the algebraic closure of ), C @p. We write
G:=G ® Q. Let ¢ be a rational prime that is coprime to p-#mo(Z(G)), with a fixed isomorphism
te : C — Qg, which fixes a square root \/p € Zy thus also /p € Fy. Let A € {Qq, F¢}. Whenever we
consider Fy-coefficients, we assume that 7o(Z(G)) is invertible in A to avoid complications in this
f-modular setting.

For neat compact open subgroup X < G(Ajy), let Sx(G,X) be the adic space over Spa(E))
associated with the Shimura variety Shy (G, X). If KP < G(A?) is a neat compact open subgroup,
we define

Sr (G, X) := lim Sy, 500 (G, X)),
K
where K, runs through all open compact subgroups of G(Q,).
The G(Qp) x Wg,-representation on

RI(S(G, X)%r c,, )
decomposes as
RIo(Sx» (G, X)¢,, A) = P REc(Sur (G, X)c,, A)g
¢
according to Fargues—Scholze parameters of irreducible subquotients, where ¢ runs through
semisimple L-parameters ¢ € ®%(G; A); see [HL24, Corollary 4.4].

We now recall the concept of (weakly) Langlands—Shahidi type L-parameters, as defined
in [HL24, Definition 6.2].

Definition 8.0.1. Let G be a quasisplit reductive group over a non-Archimedean local field K of
characteristic zero with a Borel pair (B, T). Let ¢t € ®%(T,A) be a semisimple L-parameter, and
let
¢ € P*(G, A)
be its image under the natural embedding “T — £G. We write ¢¥ for the Chevalley dual of ¢.
e we say ¢ is generic (or of Langlands—Shahidi type) if the following Galois cohomology
complexes vanish

RE (Wi, “Ty 0 ¢7), RE(Wi, 7, 0 6Y)
are both trivial for each positive coroot u € ®V(G,T)* C X (T).1°
e we say ¢ is of weakly Langlands—Shahidi type if the Galois cohomology groups

H*(Wk, " Ty 0 ¢7), H*(Wk, " T, 0 ¢Y)

are both trivial for each positive coroot u € ®V(G, T)" C Xo(T).
By [HL24, Remark 6.3], these conditions depend only on the image ¢ of ¢t under the natural
embedding “T — LG; we call ¢ a semisimple toral L-parameter for G. For a semisimple toral
L-parameter ¢, we also write ¢¥ for the image of ¢¥ under the natural embedding LT - LG,
Moreover, it follows from [HL24, Lemma 4.24] that, for a finite splitting field extension K'/K
for G, ¢ is generic (resp. of weakly Langlands-Shahidi type) if and only if ¢[w,, is. By local Tate

duality, genericity for ¢ is equivalent to a o ¢|w,, not equaling 1 or |—|}t(} for each coroot a of G.

15Recall that “T}, € Rep, (“T) is the extended highest weight tilting module attached to y as defined in (3.6).
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Going back to the global situation, we recall the following conjecture by Hamann and Lee [HL24,
Conjecture 6.6] on the vanishing of cohomology of Shimura varieties with torsion coefficients:

Conjecture 8.0.2. Let ¢ € ®%(G,F,) be a semisimple toral L-parameter of weakly Langlands-
Shahidi type, then the complex RI'.(S(G,X)%» c,,Fr)¢ (resp. RIN(S(G,X)x» c,,Fe)y) is concen-
trated in degrees 0 < i < dim¢(X) (resp. dime(X) < i < 2dimg(X)).

Remark 8.0.3. Suppose F'™ # Q is a totally real field and G = Resp/gU(n,n) is the Weil restriction
of a quasisplit unitary group of even rank, and we assume that G splits at p, i.e.
[F*:Q]
GeQ,= H GL2,g,-
i=1

Then the conjecture is true for any semisimple toral L-parameter ¢ € ®(G @ Qp,F,) of weakly
Langlands—Shahidi type by [CS24, Theorem 1.1]. Note that if ¢ is an unramified character

¢ = diag(Xl, c. ,X2n) S @(GL2n7Qp,E),
then ¢ is of weakly Langlands-Shahidi type if and only if x; # x;®|—| @ for any distinct 7, j € [2n]4.

8.1. Generic semisimple L-parameters. In this subsection, we study generic semisimple toral
L-parameters. We import Setup 7.2.2. In particular, F' is a totally real number field unramified
at a prime p, G is a special orthogonal or unitary group over F' with G* = G ®p (F ® Qp), and
G" is a central extension of G. We consider the Hodge cocharacter u? of Gf corresponding to the
Deligne homomorphism hg (see (4.3)). When viewed as a cocharacter of

GL, 5 x (Reskjg, GSpin(V¥))_— =GLyg-x  [1  GSpin(V*) @k, Qy
P Qp o vGHom(K,@)
(8.1) ot o in Case O
@ GL g x (Resgyg,GU(VY))_— =GLigzx  [I  GU(V*) @k, T,
Qp veHom (K,Qp)
in Case U

via the isomorphism ¢, it is the inverse of the identity map on the GLi-factor and nontrivial on

exactly one other factor, where it is a lift ,ug of the dominant inverse of the cocharacter p; of
G% = G(V*)3 defined in (2.5).

We will prove a special case of Conjecture 8.0.2 for generic toral parameters ¢ with an additional
condition called regularity; cf. [HL24, Definition 4.15].

Definition 8.1.1. Let G be a quasisplit reductive group over a p-adic field K with Borel pair
(B, T). Let ¢ € (G, Fy) be a generic toral semisimple L-parameter, and let x be the character of
T(K) attached to ¢ by the local Langlands correspondence for tori. We say that ¢ is regular if

X #x"
for every nontrivial element w € Wg.
We have the following descent property for regularity conditions.

Lemma 8.1.2. Let G be a quasisplit reductive group over a p-adic field K with Borel pair (B, T),
and let K'/K be a finite extension. If ¢ € ®5(G,Fy) is a semisimple toral L-parameter, then ¢ is
regular, provided that ¢|w,., has the same property.

Proof. Let x be the character of T(K) corresponding to ¢7. By local class field theory for tori, the
character corresponding to qﬁT]WK, is

x o Nmg/ /g : T(K') —TF,”,
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where Nmy i : T(K') — T(K) denotes the norm map. This norm map is equivariant for the
natural Weyl group action. Hence, if y = x% for some nontrivial w € W, then

xoNmgr /g = (x o Nmgrg)”,
so the restriction ¢|y,, is not regular. This proves the lemma. O

For later use, we prove the following result regarding regularity of L-parameters and central
extensions.

Lemma 8.1.3. Suppose

1-2Z2-G=5G6-1
18 a central extension of quasisplit reductive groups over a non-Archimedean local field K of charac-
teristic zero, and assume that either this extension splits or Z is an induced torus. Let (Bf, T%) be a
Borel pair of G* with image (B, T) in G. If ¢ € ®(G,Fy) is a semisimple toral L-parameter which
may be regarded as a semisimple toral L-parameter ¢f € CIDSS(Gﬁ,E) via the canonical embedding

LG(Ey) — MG (F),
then ¢* is reqular if and only if ¢ is.
Proof. The map T#(K) — T(K) is surjective: this is clear if the extension splits, and follows from

Shapiro’s lemma when Z is induced. Moreover, Wg: = Wg. The assertion follows immediately
from the definition of regularity. O

We next discuss when genericity implies regularity. In Cases U and O1, genericity is sufficient
for regularity. In Case O2 this is no longer true in general, because the D,,~)-coroots do not
include the characters 2e;. We therefore impose the following additional genericity condition in
Case O2.

Definition 8.1.4. Assume we are in Case O2. Let H be Resg g, G* or G*. We say that a semisimple
toral L-parameter
oy € D¥(H,A)

is ﬁl—genem’c if, after restricting to Wx and composing with the standard representation of any fac-
tor of the dual groups corresponding to some v € Hom(K,Q,) (see (8.1)), the resulting semisimple
toral parameter for GLg,(g+) is generic in the sense of Definition 8.0.1.

Equivalently, after base change to a finite splitting field K'/K and writing the noncentral toral
part on a simple factor as

o7 = (X17 ) Xn(G*))a

the characters occurring in Std o ¢ are

My M2n(G*) = X1+ Xn(G*)» X;L(lg*)a e X1
and for every pair of distinct entries 7,,n, with a # b, one has
- - +1
naty ' EL, nany |- lw
This condition is stable under Chevalley duality.

The following result generalizes [HL24, Lemma 4.25] to special orthogonal groups and unitary
groups.
Lemma 8.1.5. If ¢ € @SS(ReSK/QpG*,E) is a generic semisimple toral L-parameter, and assume

that ¢ s ﬁi—generic in case O2 (see Definition 8.1;4), then ¢ is regular. Furthermore, if we regard
¢ as a semisimple toral L-parameter ¢f € ®(G* Fy) via the natural embedding

E(Res /g, G*)(F7) — LGE(FY),

then it is also reqular as a parameter for GH(Fy).
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Proof. By Lemma 8.1.3, the second assertion follows from the first. For the first assertion, by
Lemma 8.1.2 and [HL24, Lemma 4.24], it suffices to treat the split groups SOg(g+) i (in Case O)
and the general linear group GLg(g+) x, (in Case U). Under the isomorphism

diag(t1, ..., tnha")) in Case U,

n(G*) ~ %
GL; (t1, - tn(Ge)) = {diag(tl,... e )71,tn(G*) ...,t7") in Case O1,

We+ is Symy, g+) in case U and is the semi-direct product of the group Sym,, - acting by permuta-
tion on the group {£1}™&") in Case O1., and is the semi-direct product of the group Sym,, (G+) acting

by permutation on the kernel of the determinant map det : {£1}&") — {41} : (eq,... S En(Ge))
[L; & in Case O2.

For each i € [n(G*)]4+, denote by 51 the cocharacter GL; — T% : ¢t — (1,...,¢,1,...) where the
t is at the i-th coordinate; and set ¢_; := —¢;.

We write ¢ = x1X- - Ky, (g+), and erte X—i = X; “Lforie [n(G*)]. Suppose, for contradiction,
that

(8.2) X =x"
for some nontrivial element w € Wg+. Suppose ¢; is not fixed by We«, and we write £ = ¢y, then
we evaluate Equation (8.2) at €; to get

Xi = Xk-
In Case O1 or Case U, this contradicts genericity because ¢; — ¢y, is a coroot of SOg(g+) or GLg(g+)-
In Case O2, this contradicts genericity because the composition of ¢; — ¢}, with the standard
representation of SOy, (g+) is a coroot of GLgy,gx). O

In the setting of Definition 8.1.1, assume that ¢ is generic and regular, then by [Ham24, Theo-
rem 9.10] there exists an object

nEis(Sy,) € Diis(Bung, Fy),

which is a perverse filtered Hecke eigensheaf on Bung with eigenvalue ¢ in the sense of [Ham24,
Theorem 6.1]. In particular, if 4 is a dominant cocharacter of G with extended highest weight
tilting module L7, € RepE(LG) as defined in (3.6), and T, is the Hecke operator attached to LT,
as defined in §3.1, then T, (nEis(Sg,)) admits a Wi-equivariant filtration indexed by Galg-orbits
Galg .v; in Xo(T). The graded piece indexed by Galg .v; is

nEis(Sgr) @ (T, 0 é7) © " T, [Gale 0],
Moreover, when this filtration splits, there is an isomorphism
T#(nEiS(‘SqﬁT)) = Spr ® L7L oo

of sheaves in Dy (Bung, Fy)BWK. We say that ¢ is u-regular if this filtration splits. By [Ham24, The-
orem 9.10], this p-regularity condition is implied by the following strongly p-regularity condition;
cf. [HL24, Definition 4.16].

Definition 8.1.6. For a quasisplit reductive group G over a non-Archimedean local field K of
characteristic zero with a Borel pair (B, T), and for a dominant cocharacter p of G, a toral
semisimple L-parameter ¢ € ®%(G,TFy) is called strongly p-regular if

R (W, “T, 0 1)

is trivial for any weights v, v/ of the extended highest weight tilting module LG attached to u that
lie in distinct Galg-orbits.

For later use, we prove the following result regarding p-regularity of L-parameters and central
extensions:
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Lemma 8.1.7. Assume ¢ # 2, and that (¢,n(G*)!) =1 if we are in Case O1. Let
¢ € DF(G*,TFy)

be a generic semisimple toral L-parameter. In Case 02, assume in addition that ¢ is S/tTi-generic
in the sense of Definition 8.1.4. Then ¢ is p-regular for every dominant cocharacter p € Xqo(G*).
Stmilarly, let
¢* € o=(GHTF))
be a generic semisimple toral L-parameter. In Case 02, assume in addition that ¢* is S/tTi—generic.
Then ¢* is p-regular for every dominant cocharacter puf € Xo(G*?). In particular, u* can be chosen
to be not fized by any nontrivial element of Wgs.

Proof. By base change [HL24, Lemma 4.24] and the isomorphism (8.1), it suffices to work after
the relevant group is split. The assertion for general linear groups, i.e. Case U, is the argument of
[HL24, Lemma 4.25]. We treat the orthogonal cases.

Let €1,...,6n(q+) be the standard coordinates of a split maximal torus. The weights of the

standard representation Std of the dual group are
i[—:l, ce ,ie’fn(G*).

The standard representation extends to the standard representation of the corresponding dual
similitude group, namely GSpy,, g+ in Case O1 and GSOg,(g+) In Case O2. We denote its highest

weight by w% on the similitude side.

In Case O1, the differences of two distinct weights of Std are of the form
+e; + €5 (Z 7& j), :|:26i,
and these are coroots of G*. Hence genericity implies strong wi-regularity for ¢. The same argument
applies to ¢ for wtli, since the central similitude character contributes the same scalar to every weight

and therefore cancels in every weight difference.
In Case 02, the differences

:i:Ei +e 7 (Z 7& j )
are coroots of G* and are controlled by genericity. The remaining differences are
:|:2€i,

which are not coroots of the D,,g«)-root system. These are exactly the additional ratios controlled
by the S/t\d—genericity assumption. Thus ¢ is strongly wi-regular, and ¢* is strongly w%—regulat.
Therefore they are wi-regular and w%—regular by [Ham24, Theorem 9.10].

It remains to pass from the standard representation to arbitrary dominant cocharacters. In
Case O1, the highest weight tilting module with highest weight w; is realized as a direct summand
of the appropriate exterior power A*(Std) for 1 < i < n(G*); the same statement holds for the

corresponding highest weights wf of the dual similitude group, up to a central character. This uses
the assumption (¢,n!) = 1; cf. [Jan03, pp. 286-287] and [Ham24, §9.1, Appendix B.2].
In Case 02, with Qy-coefficients one has

A(SEd) 2T, 1<i<n(GY) -2,
/\n(G*)_l(%) ~ T

n(G*)—1TWn(G*)
and e
/\n(G )(Std) = Ewn(G*)—l D Ewn(c*)'
These decompositions extend to the corresponding highest weights of the dual GSOy,,(g+), again up

to central characters. Since £ # 2, the same direct-summand statements hold with Fj-coefficients;
cf. [GW09, Theorem 5.5.13], [Jan03, pp. 286-287], and [Ham24, §9.1, Appendix B.2].
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The noncentral parts of the dominant cocharacter monoids in the orthogonal cases are generated
by the highest weights just listed. These highest weight tilting modules occur as direct summands
of tensor products of Std. Hence repeated application of [Ham24, Proposition 9.12] shows that ¢
is p-regular for every dominant p of G*, and that ¢! is pf-regular for every dominant p? of G%.
Central characters do not affect the condition, since they add a common character to all weights
and hence disappear from weight differences.

Finally, we may choose ji* so that under the isomorphism (8.1)

o~ GLI,@ X HveHom(K,@) GSpin(V*) ®K,7v@p in Case O,
GLL@ X HvGHom(K,@) GU(V*) K Qp in Case U

Qv

it is of the form (0, i¥,..., i), where i is not fixed by any nontrivial Weyl group element. Then
f* is not fixed by any nontrivial element of Wet. ]

8.2. Perverse t-exactness and vanishing results. In this subsection, we prove a perverse t-
exactness result for Hecke operators, and deduce a vanishing result for cohomology of Shimura
varieties with torsion coefficients. We adopt the notation related to Bung from §3.1.

For any reductive group G over a non-Archimedean local field K of characteristic zero and
any open substack U C Bung, there exists a perverse t-structure on DHS(Bung,E) defined as
follows: For each b € B(G), we define dy, := (2pg, 1), where 1, is the slope homomorphism of b,
cf. [HL24, Definition 4.14]. Then an object A is contained in PD=(U,Fy) if ifA € D=%(Gp, A),
and A is contained in PDZ(U,F,) if if A € D=%(Gp, A). Here we recall that i, is the inclusion
Bun% C Bung.

Let

DVFA (Bung, Fy) € Dys(Bung, Fy)
be the full subcategory of universally locally acyclic (ULA) objects; see [FS24, Definition 1V.2.22].
By [FS24, Theorem V.7.1], DV*A(Bung, F;) consists of objects A such that it A € DM (G, Fy) for
each b € B(G).

We import Setup 7.2.2. In particular, F' is a totally real number field unramified at a prime p,
G is a special orthogonal or unitary group over F' with G* = G ®p (F ® Qp), and G! is a central
extension of Resp/gG with G'=Gig Qp. We then have the following local result on the perverse
t-exactness of Hecke operators, which generalizes [HL.24, Corollary 4.27] to the present setting:

Theorem 8.2.1. Suppose o
¢ € *(Resg/q,G™, Fo)

is generic in the sense of Definition 8.0.1. In Case 02, assume further that ¢ is S/t?i—genem'c in the
sense of Definition 8.1.4. We regard ¢ as a semisimple toral L-parameter ¢* € @SS(Gu,IETg) via the
natural embedding

"(Resk /g, G")(Fe) — "GH(Fy).
Assume further that € # 2, and that (¢, n(G*)!) = 1 in Case O1. Then, for any dominant cocharacter
ut of G(ﬁ@, the Hecke operator T s attached to the extended highest weight tilting module Lnn, as

defined in (3.2), preserves ULA objects. Moreover, the induced functor
fiT#u : DULA(BunGu,E)¢u — Dadm(Gﬁ,E)(ﬁu,

where 1 € B(Gﬁ) is the trivial element, is exact with respect to the perverse t-structure on the source
and the natural t-structure on the target.

Proof. By [HL24, Theorem 4.23] and [Ham24, Theorem 1.13], it suffices to check that all of the
following claims hold:
e [Ham24, Assumption 6.5] holds for ¢
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e ¢ is regular.

e ¢ is pf-regular, and there exists a cocharacter i of G(ﬁ@ that is not fixed by any nontrivial
element w € Wgs, such that #f is fif-regular.

. Picuﬁ,wuv as defined in (7.5), is irreducible for any b € B(G*)y, and w* € W,;. Here the

character x! is attached to qﬁgm via local Langlands correspondence for tori.

The first claim follows from Theorem 7.2.3. The regularity of ¢f follows from Lemma 8.1.3 and
Lemma 8.1.5. The third claim follows from Lemma 8.1.7.
It remains to prove the last claim. The group Ggﬁ is isomorphic to a Levi factor of a parabolic

subgroup of G¥, which is of the form
GLy g, X ResK/QpG' x Resg, 0, H,

where H is a product of general linear groups and G’ is a general spinor or general unitary group
over K that splits over an unramified quadratic extension. The preceding three claims hold with

G" replaced by Ggu, and the desired irreducibility follows from [HL24, Lemma 4.21] and [Ham24,

Proposition A.2]. O

Next, we recall a perversity result, which will be a crucial ingredient in the proof of torsion
vanishing result later. We impose the following global assumptions for future use:

Setup 8.2.2.
e Sh(G, X) is proper, and there exists a Shimura datum of Hodge type (G*, X*) with a map of

Shimura data (G, X*) — (G, X) such that ng — G,q is an isomorphism and #mo(Z(G*))
is coprime to £. Let Ef  C be the common reflex field.
e G and G* are unramified at p. Set
G =G'®Q, G=GrQ,
and fix a Borel pair (Bf, T¥) of G* with image (B, T) in G.

e The central extension Gf — G extends to a map of reductive integral models Gt — G over
Zyp, and we define

9{5 = GH(Zy), Ky = G(Lyp).
o K < Gﬁ(A?) is a neat compact open subgroup with image X? in G(A%). Set
K= HERP™ < GH(Ay), K :=K,K" < G(Ay).
o We write

Hys = FAKNG (Qp)/ RG], Mo, = FelHKp\G(Qp) /%)

for the corresponding Hecke algebras with Fy-coefficients.
e Let m C Hg, be a maximal ideal with inverse image mf C H 4+ and corresponding semisim-
p

ple toral L-parameters
om € O°(GFy), o € O5(GT),
respectively.
We then have a finite Galois covering of Shimura varieties
Shy: (G*, X*) — Shy (G, X).

over E*. Note that tp : C = Q, induces an embedding E! — Qp-
82



We now use the Igusa stacks for Hodge type Shimura varieties defined in [DvHKZ24]. If we
write
Shysn (G, XF) = lim Shyz gy (G, X5),
K
where 92,, runs through all compact open subgroups of Gﬁ(Qp), then we have the Hodge—Tate period
map
THT : Shg{up (Gﬁ,Xﬁ)an — GrGﬁ,,uﬁ'

We then have the following Igusa stack Igg: (G¥, X*); see [DvHKZ24, Theorem I].
Theorem 8.2.3. There is an Artin v-stack Igg:» (G, X*) on Perfdz sitting in a Cartesian diagram

Shygsr (GF, XF) — 5 Grgr s

lprlg lBL
Ig

Igy (GF XH) — 1T Bung: ,ze,

where BL is the Beauville-Laszlo map from [FS24, Proposition II1.3.1]. Moreover, Igg:» (GH X% 4s
0-cohomologically smooth of dimension 0, and its dualizing sheaf is isomorphic to Fy[0].

Define . o o
F = RTFI%T7*(F4) € D]is(BunGyj’“ﬁ.,Fg),

which is universally locally acyclic by [DvHKZ24, Corollary 8.5.4]. Moreover, since Sh(Gﬁ,Xﬁ) is
proper, we recall the following perversity result from [DvHKZ24, Theorem 8.6.3].

Theorem 8.2.4. F is perverse, i.e.,

F € PD=%Bung; e, Fr) NPD0(Bung: s, Fy).

ube ube

The object F is related to cohomology of Shimura varieties as follows. By Theorem 8.2.3,
[DvHKZ24, Theorem 8.4.10] yields the following relation between the cohomology of the relevant
Shimura varieties and the value of the corresponding Hecke operator on F.

Theorem 8.2.5. There is an isomorphism
= - . dimg (X
RI(Shyay (G, XF)c, , ) 2 i3 T ([ dime (X)) (—5())
in D(GE,TFy).

We now state our first main theorem on the torsion vanishing of the cohomology of orthogonal
or unitary Shimura varieties away from central dimension. We impose Setup 7.2.2 with F' # Q, and
extend the map G¥ — Resy /0, G to a map of reductive integral models G — G over Zy, by fixing

a Zp-lattice of Resg/q,(V @ K), and define 9{5 1= G(Z,), Ky = G(Zp). Let KPH < Gﬁ(AZ}) be a
compact open subgroup with image KP < (Res F/@G) (AI}), such that

K = K, HP < Resp/gG(Ay) and K*:= KIK™ < G*(Ay)

are both neat. Let ¢ be a rational prime coprime to p, and we assume moreover (¢,n(G)!) =1 in
Case O1. Let o o
Hys = Fo[KNGHQp) /K], Ha, = FelHKp\G*(K) /%K)

be Hecke algebras with Fy-coefficients. Let m C Hx, be a maximal ideal with inverse image
mf C M4+ and corresponding semisimple toral L-parameters
P

bm € D5 (Res g, G Fr), o € 2*(GHTFy),
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respectively. Moreover, we assume that p is coprime to 2dim(V) in Case U, so we work in the
setting of Setup 8.2.2.

Theorem 8.2.6. Suppose F' # Q, and suppose
Om € @SS(ReSK/QpG,E)

is generic. Assume further that ¢ is gt\d—regular in the sense of Definition 8.1.4 in case O2.

(1) Hi, (Shy: (G, Xﬁ)ﬂ, Fy)mt vanishes unless i = dimg(X).

(2) Hi, (Shy (Resp/oG, X) 5, Fe)m vanishes unless i = dime(X).

Proof. The second assertion follows from the first one: Shy:(G#, Xﬁ)ﬁ is a finite Galois covering
of an open and closed subset M of Shy(Resr/oG, X)ﬂ with Galois group denoted by ¥. The co-
homology of M is equipped with Hecke action by Hx,. By the Hochschild-Serre spectral sequence,

RD (M, E)m — RI (z, RI(Shye: (G, XF) o, E)m”)m’

which is concentrated in degree at least dimg(X) by (1). Now RI’ (Shg((Res r/0G, X)g, E) is
m

a finite direct sum of copies of the complex RI’ (M , E) , which is also concentrated in degree at
m

least dimc (X).
But by the Poincaré duality and [HL24, Corollary A.7], it follows that

R (Shye(G, X) . Fo)w = R (Sha (G, X) 5, Fo)o (dlime (X)) 2 dime (X))

is concentrated in degree at most dimc(X), where m" is the maximal ideal corresponding to ¢y.
For the first assertion, note that Shg:(G#, X*) is proper because [G#, Gf] is anisotropic, so the

assertion follows from Theorems 8.2.4, 8.2.5, 8.2.1 and the Poincaré duality, as ¢n and ¢y, are both

generic. ]

For Shimura varieties of Abelian type localized at a split place, the same argument gives a more
general statement. In fact, we do not need the full strength of the compatibility of Fargues—Scholze
LLC with “classical local Langlands correspondence” in the sense of [Ham24, Assumption 6.5], but
only one property of the Fargues—Scholze LLC:

Hypothesis 8.2.7. Suppose G/K is a quasisplit reductive group with a Borel pair (B, T) and ¢ €
P%5(G, Qy) is a semisimple generic toral L-parameter. Then for any b € B(G) and any p € I1(Gp, Qy),
if the composition of d)ES : Wi — £Gp(Qy) with the twisted embedding “Gp(Qy) — “G(Qy) (as
defined in [FS24, §1X.7.1]) equals ¢, then b is unramified.

Remark 8.2.8. Note that, by [Ham24, Lemma 3.14], this hypothesis is a consequence of [Ham24,
Assumption 6.5]: The hypothesis that ¢f§1p = LZI¢ES factors through a generic parameter ¢
I3

of T implies that ¢L;1p = gbfs_lp by [Ham24, Lemma 3.14], which implies T is relevant for G, by
4

Theorem 2.3.1. So Gy, is quasisplit, or equivalently, b is unramified.

Observe that this hypothesis is stable under duality: if it holds for ¢, then it holds for ¢V. The
following invariance property may be of independent interest.

Proposition 8.2.9. Suppose G — G is a map of quasisplit reductive groups over a non-
Archimedean local field K of characteristic zero that induces an isomorphism on adjoint groups.
Let (B, T) and (B, T") be compatible Borel pairs of G and G', respectively. If ¢ € ®(G,Qy) is a
semisimple generic toral L-parameter, and we write ¢' € ®%(G',Qy) for the image of ¢ under the
natural map ®%(G,Qy) — ®%(G’, Q). Then Hypothesis 8.2.7 for ¢ implies that it holds for ¢'.
In particular, if G — G is an injection, then Hypothesis 8.2.7 for G implies that it holds for G'.
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Proof. Suppose b’ € B(G') maps to b € B(G), then there is a map G,y — Gp that induces an
isomorphism on adjoint groups. Suppose p’ € II(G},,Qy) such that the composition of qﬁlF),S Wik —
LG}, (Qf) with the twisted embedding “Gl,(Q,) — LG/ (Qy) equals ¢' € ®5(G',Q;). Then it follows
from the compatibility of Fargues—Scholze parameters with central characters Theorem 3.1.1 that p’
factors through Im(G}, (K) — Gp(K)). Then it follows from [GK82, Lemma 2.3] that there exists an
irreducible smooth representation p € II(Gp, Q) such that p’ is a subquotient of p’GL/( K)- 1t follows
from compatibility of Fargues—Scholze correspondence with central extensions, Theorem 3.1.1 that
qbg,s is the image of gZ)ES under the natural map ®%(Gp, Q) — ®*(G,, Q). So the composition of
qﬁgs : Wi — LGy (Qy) with the twisted embedding Gy,(Q;) — “G(Qy) is a parameter ¢ whose image
under the natural map ®%5(G, Q) — ®%(G’,Qy) equals ¢’. So it follows from the compatibility of
Fargues—Scholze correspondence with character twists and [Xul7, Appendix A] that we may twist
p by a character of Coker(G[,(K) — Gp(K)) to make sure that ¢ = ¢. Now the axiom for ¢ implies
that b is unramified. In particular, Gy is quasisplit. Suppose By < Gy, is a Borel subgroup, then
By = Bpb N G, is a Borel subgroup of Gj,. Thus b’ is unramified.

For the last assertion, it suffices to note that if ¢ € ®%5(G, Q) has toral generic image ¢’ €
P55(G',Qy), then ¢ is itself toral and generic. O

We now prove the second main theorem on vanishing result for torsion cohomology of Shimura
varieties of Abelian type under Hypothesis 8.2.7. For a semisimple toral parameter ¢ € ®(G,F,),
we say that Hypothesis 8.2.7 holds for ¢ if it holds for every semisimple generic toral lift ¢ €
%5(G, Q) whose reduction modulo £ is ¢.

Theorem 8.2.10. We work in the setting of Setup 8.2.2, and assume further that the set of
unramified psy-acceptable elements B(Gag, piag)un 5 @ singleton. Suppose ¢ is generic and Hy-

pothesis 8.2.7 holds for ¢n in the modulo ¢ sense.
(1) HE, (Shys (G*, X*)—, Fy) e vanishes unless i = dime(X).

(2) H (Shg(G,X)
Remark 8.2.11. By [XZ17, Corollary 4.2.4], the condition that B(Gaq, ftog)un is a singleton (which

is the paq-ordinary element) is guaranteed when G,q is a product of unramified Weil restrictions of
split simple groups H,’f:l Resr, /g, Hi, and the conjugacy class of Hodge cocharacters {u} associated

E®

50 F¢)m vanishes unless i = dimc (X).

with X* induces a dominant cocharacter fiaq = (1, .., pg) of G@ via ¢, such that each p; is trivial
on all except possibly one simple factor of

(ReSLi/QpHi)@ = H H; RL;w @p

v:L;—=Qp

Remark 8.2.12. The first assertion is established in [DvHKZ24, Theorem 10.1.6] under the assump-
tion that the Fargues-Scholze LLC for G* is “natural” in the sense of [Ham24, Assumption 6.5].
However, this naturality is established in limited cases. For example, “classical local Langlands
correspondence” for pure inner forms of GSpiny when N > 8 has not been constructed, except
for those irreducible representations with central character being a square of another character;
see [GT19]. Nonetheless, we can still establish the theorem under this weaker axiom by modifying
the argument in [DvHKZ24].

Proof. First, the second assertion follows from the first. Write H' = Tm(H: — Hg,), and let m’ be
P
the inverse image of m in #’. By functoriality of Shimura varieties, Shy: (G*, X*) is a finite Galois

covering of an open and closed subset M of Shg{(G,X)ﬂ, with Galois group denoted by ¥. The

cohomology of M is equipped with an action of H’. By the Hochschild—Serre spectral sequence,

RT (M, ) _=RT (T, RT(Shye: (G, XF) 7, E)mﬁ)m, .
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By (1), this complex is concentrated in degrees > dimc(X). Hence
RHomy, ((Hg{p)m, RD (M, E) )
m m
is concentrated in degrees > dimc¢(X), and so is
RT (Shy((G, X)g,Fr) .

Applying the same argument to the dual maximal ideal m" corresponding to ¢y, and using
Poincaré duality together with [HL24, Corollary A.7], we obtain
RI(Shy (G, X) 57, Fo)m = RI'(Shy (G, X)

F¢)mv (dime(X))[2 dime (X))

EP B

Thus the m-localized cohomology is also concentrated in degrees < dimc(X), proving (2).
For the first assertion, note that ¢,: and gi)]\éu are both generic. By Theorem 8.2.4 and 8.2.5,
together with Poincaré duality, it suffices to show the t-exactness of

BT s DULA(BunGu,IETg)Eu — Dadm(cﬁ,E)gu
(as defined in Theorem 8.2.1) for any semisimple generic toral L-parameter ¢ € ®(G, F,) satisfying

Hypothesis 8.2.7 in the modulo ¢ sense, where aﬁ denotes its image under
"G(Fe) — "GH(Fy).
By [XZ17, Corollary 4.2.4], the natural image of B(G?, uf*),, in B(Gaq, taq)un is a singleton by

assumption. Thus, by [DvHKZ24, Proposition 10.2.4], it remains to show that Dlis(BunGﬁ7E)$ﬁ is

supported on the unramified strata.
Let

— L ~ i
o e D(BuntG’ﬂ,]Fg)aﬁ = (Gﬁu,ﬂ%)

be an irreducible admissible representation of Gﬁu(@p)~ By [HL24, Lemma 4.3(1)] and [FS24,
§IX.7.1], the Fargues-Scholze parameter of p¥, composed with the twisted embedding

LGE,(Fy) — LGH(Ty),

.
is ¢".

By [Dat05, Lemma 6.8], lift 7' to an irreducible admissible Q-representation pf admitting a
Gf,u (Qp)-stable Z-lattice such that p* occurs as a subquotient of its reduction modulo ¢. By com-
patibility of Fargues—Scholze parameters with reduction modulo ¢, Theorem 3.1.1, the parameter
¢§ﬁs has reduction equal to gbg,js. Hence its composition with the twisted embedding

LGE(Qr) — LG Q)

is a semisimple generic toral lift of aﬁ. By the modulo ¢ form of Hypothesis 8.2.7 and Proposi-
tion 8.2.9, the element bf is unramified. This proves the required support statement. ]

APPENDIX A. (TWISTED) ENDOSCOPY THEORY

In this appendix we review some standard definitions related to the trace formulas used in the
main text and fix notation. §A.1 recalls (twisted) endoscopic triples for reductive groups over both
local and global fields. §A.2 reviews local transfers and pseudo-coefficients for square-integrable
irreducible admissible representations. §A.4 records Lefschetz functions and also a simple stable
trace formula that will be used in the Langlands—Kottwitz method §4.5.
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A.1. Endoscopic triples. We recall here some general definitions of extended endoscopic triples
from [LS87, §1.2] and [KS99, §2.1]. Note that the more general notion of endoscopic data is not
needed in the cases we consider in this paper.

Let F' be a local or global field of characteristic zero, and consider a pair (G*, 6*) where

(1) G* is a quasisplit reductive group over F' with a fixed Galp-invariant pinning on @,

(2) 6* is a pinned automorphism of G*.
Then 6* induces an automorphism 0 of G* preserving the fixed Galp-invariant pinning of G [KS99,
§1.2]. Set L0 = 0 x idw ., which is an automorphism of LG. Then an extended endoscopic triple for
(G*,0%) is a triple ¢ = (G*,s%,¢%), where G® is a quasisplit reductive group over F, s* € é\*, and
Lge . LGe — L'G* is an L-homomorphism such that

(1) ?d(se)og preserves a pair of a Borel subgroup and a maximal torus in G, and Ad(s*)ofol¢® =

£,

(2) Lge(é?) is the connected component of the subgroup of Ad(s®) o f-fixed elements in G*.
¢ is called elliptic if “¢*(Z(G¢)C2Ir)° c Z(G¥).

Following [KMSW14], we define an isomorphism between two extended endoscopic triples e, ¢/
to be an element g € G* such that

ghee(hGo g™t =L¢ (FGY), g¢s*0(g)~! = s* (mod Z(G)).

Denote by £(G* x 6*) the set of isomorphism classes of extended endoscopic triples for (G*,6%).
When 6* = idg~, we also write £(G*) for £(G* x 6*). Also we write E(G* x 0*) or E(G*) for the
subset of elliptic extended endoscopic triples.

Suppose ¢ € £(G* x 0*). For each ¢° € G, the Let(g) € G induces an automorphism of e.
Define the outer automorphism group of ¢ by

(A1) OAut(e) := Aut(e)/“€¢(Ge).

A.2. Transfer of orbital integrals. Here we recall some notions on the theory of transfer, fol-
lowing Arthur [Art13, §2.1] and Mok [Mok15, §3.1].

Let K be a local field of characteristic zero, (G*,0*) be a pair as in Appendix §A.1, and (G, g, 2)
be a pure inner twist of G*. We get an automorphism 6 := p o 6* o p~!, which we assume to be
a rational automorphism of G. Moreover, we fix a Whittaker datum w for G*. We write G x 0
for the twisted group (or bitorsor) over G. If # is the identity, then of course G x # = G is just
the trivial bitorsor. Given ¢ € G x 6, we write Zg(J) for the centralizer of § in G. We write
(G x 8)(K)sreg C (G X 0)(K) for the open subset of strongly regular semisimple elements, meaning
those regular semisimple elements whose centralizer is connected, i.e., a maximal torus. We fix a
Haar measure on G(K). For 0 € (G x 6)(K)sreg, the Weyl discriminant of ¢ is defined as

D(8) := det(1 — Ad(6)|g/a5) € K™,

where g and g5 are the Lie algebras of G and Zg(0), respectively. We fix a Haar measure on the
torus Zg(d), which induces a quotient measure on Zg(0)(K)\G(K).

If K is non-Archimedean, we let (G x #) be the space of smooth compactly supported functions
on (G x 0)(K) with complex coefficients. If K = R, we fix a maximal compact subgroup K of G(R)
and let H(G x 0) be the space of bi-K-finite smooth compactly supported functions on (G x 6)(R)
with complex coefficients.

For f € H(Gx0) and 6 € (Gx0)(K )s.reg, the normalized orbital integral of f along the conjugacy
class of ¢ is defined as

Orbs(f) = ‘DG(d) f(z™1oz)de,

3
/ZG ()(F\G(K)
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Moreover, when G is quasisplit and 6* = id, the normalized stable orbital integral of f along ¢ is
defined as
SOrb(;(f) = Z Orb(;/(f),
6/

where ¢’ runs over a set of representatives for the G(K)-conjugacy classes of elements that are

G(K)-conjugate to 9.
Assume that either (G, g,2) = (G*,id, 1) or § = id. For ¢ € £(G* x 0*), a transfer factor
A, e, z] 1 GH(K )sreg X (G X 0)(K)sreg = C

is defined in [KMSW14, §1.1.2], such that Afto,e,z] is a function on stable conjugacy classes of
G*(K)s.reg and G(K')-conjugacy classes of (G x 0)(K )sreg. With the transfer factor in hand, we now
recall the notion of matching test functions from [KS99, §5.5].

Definition A.2.1. Two functions f¢ € H(G*) and f € H(G x 0) are called (A[tv, ¢, 2]-) matching
test functions if, for every v € G*(K)s reg,

SOer(fO) = Z A[m, e, Z}(’Y, 5) Orb(;(f)
3€(Gx0)(K)s.reg/G(K)-conj

For brevity, say that f¢ is a transfer of f to G.

Remark A.2.2. Since the orbital integrals Orbs(f) depend on the choices of measures on G(K)
and Zg(0)(K), the concept of matching functions also depends on the choice of Haar measures

on G(K) and G*(K), and all tori in G and G*. There is a way to synchronize the various tori;
cf. [AK24, Remark 5.1.2].

We now state a theorem asserting existence of transfer of orbital integrals. When K = R, it is
a fundamental result of Shelstad [She82,She08]. When K is non-Archimedean, it is a culmination
of the work of many people, including Langlands and Shelstad [LS87,1.S90], Waldspurger [Wal97,
Wal06], and Ngo [Ng610].

Theorem A.2.3. Let f € H(G x 0) and ¢ € Eq1(G). Then there exists a transfer f& of f to GE.

Moreover, suppose K C G(K) is a 0-stable hyperspecial mazimal compact open subgroup. Then
there exists a hyperspecial mazximal compact open subgroup K¢ C G*(K) such that the characteristic
function 1. is a transfer of 1gxg to G°, provided the Haar measure is chosen such that

Vol(K) = Vol(%*) = 1.

A.3. Cuspidal functions. In this subsection, we recall the definition of cuspidal and stabilizing
functions, following Labesse [Lab99, Definition 3.8.1, 3.8.2]. Recall that an element v € G(K)
is called an elliptic element if the maximal split subtorus of the center of Zg(y) is equal to the
maximal split subtorus of Z(G).

Definition A.3.1. Suppose K is non-Archimedean of characteristic zero. A function f € H(G) is
called
e cuspidal if the orbital integral of f vanishes on all regular semisimple non-elliptic elements.

e strongly cuspidal if the orbital integral of f vanishes outside regular semisimple elliptic
elements.

e stabilizing if it is cuspidal and the k-orbital integral of f (as defined in [Lab99, p. 68])
vanishes on all semisimple elements v and all nontrivial .

We recall the notion of pseudo-coefficients of [Kaz86, Clo86]:

Definition A.3.2. Fix a Haar measure on G(K). For a square-integrable irreducible admissible
representation m of G(K), a function f € H(G) is called a pseudo-coefficient for 7 if

tr(fﬂ' |7T,) = 571',7r’
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for each tempered representation ' of G(K).

Proposition A.3.3 ([Kaz86,Clo86]). Suppose K is non-Archimedean of characteristic zero, and
fiz a Haar measure on G(K). For any square-integrable irreducible admissible representation m of
G(K), there exists a pseudo-coefficient fr for m. Moreover, for any such fr:
(1) tr(fr|7') = 0 for any finite-length admissible smooth representation @' of G(K) that is
parabolically induced from a proper parabolic subgroup of G.

(2) For every reqular elliptic element v € G(K),
/ =97 79)dg = Ox(7),
Zg(7)(K)\G(K)
where ©, denotes the Harish-Chandra character of m.
(8) fr is cuspidal.
(4) If m is supercuspidal, then tr(fr|n") = 0r o for every irreducible admissible representation
7' of G(K).

Proof. The existence of fr is established by Kazhdan [Kaz86, Theorem K] and Clozel [Clo86,
Proposition 1]. The trace values ©,.(fr) for admissible representations 7’ of G(K) and the orbital
integrals

/ f=(g7 vg)dg
Z6(7)(K)\G(K)

for any regular elliptic elements v € G(K') are independent of the choice of f by [Kaz86, Theorem 0].
Assertions (i) and (iii) are built into Kazhdan’s construction [Kaz86, Theorem K, Theorem A.(b)],
and (ii) follows from [Kaz86, Theorem K].

For (iv), if #’ is supercuspidal, the assertion follows from the defining property of a pseudo-
coefficient, since supercuspidal representations are tempered. If 7’ is not supercuspidal, then its
image in the Grothendieck group of finite-length admissible representations is a linear combination
of representations induced from proper parabolic subgroups of G [Clo86, Proposition 2]; hence (i)
gives tr(fr|7’) = 0. O

A.4. Simple stable trace formulas. Here we recall some results on simple stable trace formulas
from [KS23, Ham25]. We work in the following setting.

Notation A.4.1.
e F'is a totally real number field.

e G* is a quasisplit reductive group over F' that is simple over F; assume G(F ® R) admits
discrete series.

e (G,p,z) is a pure inner twist of G*.
e Let Z denote the center of G*, and let Az denote the maximal split torus of Resy/gZ; write
AZ,oo = Az(R)O.
o Let Ky = Hvez%o Ky < G(F ® R) be the product of a maximal compact subgroup with
Z((;,(F &® R).
e For each finite place v of F, set ¢(G,) to be the F,-rank of Gy aq.
e For each infinite place v of F, set ¢q(G,) to be the real dimension of the locally symmetric
space G(Fy)/Ky.
e Set
G(Ap)' == () ker(|-[lox:G(Ap) = Ry).
X€EX*(G)
In particular, G(Ap) = G(Ap)! X Az .
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Definition A.4.2. A central character datum for G is a pair (X, x) where X is a closed subgroup
of Z(AF) containing Az o, such that Z(F)X is closed in Z(Ap), and x : (XN Z(F))\X - C*isa
continuous character. In particular, Z(F')X is cocompact in Z(A ) because Z(F')\Z(AFr)/Az o is
compact.

For our purposes, it suffices to consider the cases when X = [[,c5, X, where X, = Z(F;) for
each 7 € X%.

Note that the center of G is isomorphic to Z via g, so any central character datum for G* may
be regarded as a central character datum for G.

Remark A.4.3. We suppress the choice of Haar measures for various groups below as they are
standard.

Definition A.4.4. Given a central character datum (X, x) for G* of the form X =[], ¢y, Xy, for
each v € Zp, let H(G(F,), x,!) be the space of smooth functions on G(F,) that are compactly
supported modulo center and transform under X, by the character y, ! and moreover K,-finite
when v € X%,

Given a semisimple element v, € G(F,) with I, = Zg,, (7,)°, we define the orbital integral on

H(G(F,), x;') to be

Orb'YU(fU) ::/ fv(x;17vxv)dxv;
Ly, (Fo)\G(Fy)

where I, \G(F,) is given the Euler-Poincaré measure as defined in [Kot88, §1]. If m, is an ad-
missible representation of G(F),) with central character x, on X,, we define the trace character on
H(G(F,), x;') to be

0n () =t | . Fulg)mu(9)d )

We also define the adelic Hecke algebra H(G(Ar),x ') as well as adelic orbital integrals and
adelic trace characters by taking restricted tensor product over the local cases considered above.
Definition A.4.5. Given a central character datum (X, x) for G*, we write

e I x(G) for the set of X-orbits of elliptic conjugacy classes in G(F),
o 31,x(G) for the set of X-orbits of elliptic stable conjugacy classes in G(F'),
. chlisc,x(G(F)\G(AF)) for the space of measurable functions on G(F)\G(A ) transforming
under X by y and square-integrable on G(F)\G(Ap)!/ (X NG(Ap)!),

. Lgusp%(G(F J)\G(AF)) for the space of cuspidal measurable functions on G(F)\G(Ar) trans-

forming under X by x and square-integrable on G(F)\G(Ar)'/ (X NG(AFp)!),

e [117"*P(G) the set of isomorphism classes of cuspidal automorphic representations of G(Ar)
whose central characters under X are y.
We define the following invariant distributions on H(G(AFr), x 1):

TSI,x(f) = Z

YEL  en,x
Thscx () = 10 (F1L3sc (BIF)\G(AR)))
Tgsp,x(f) =tr (f’Lgusp7x(G(F)\G(AF))) )

Next, we recall the definitions of unramified twists of Steinberg representations and Lefschetz
functions.

1
@) #m0(Zs (7)) Vol (1 (F)\L, (AF)/X) Orb, (f),

Definition A.4.6. The Steinberg representation Stg, is the discrete series representation defined
in [BWO00, 10.4.6]. An unramified twist of Stg, is the twist of the Steinberg representation by
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an unramified character of G(F,), where a character of G(F,) is unramified if it is trivial on all
compact subgroups of G(Fy); see [Cas95, p. 17].

By [Kot88, Theorem 2 and Theorem 2’| and [KS23, Proposition A.1, A.4 and Lemma A.7], we
introduce the following non-Archimedean Lefschetz function:

Definition A.4.7. Let v be a finite place of F. If Zp, is anisotropic, there exists a Lefschetz
function fﬁef,v € H(G(Fy)) such that
o If G,q is simple, then for each irreducible admissible representation w of G(F),

1 T=1,
tr (figolm) = § (-1)1C) 7 =Ste,,
0 otherwise.

o If v, € G(F),) is semisimple with I,, = Zg, (7»)°, then the orbital integral
Otby, (S0 = | Pt o9 1090 g
Ly (Fo)\G(Fy)

vanishes unless Z(I,, (F},)) is compact, in which case Orb,, ( fﬁfjv) = 1. Here I, (F,)\G(F,)
is endowed with the Euler-Poincaré measure.

In general, set A, to be the maximal split torus in the center of G,, and set G, := G,/A,. Let

v:G(F,) - X*(4,) @R
denote the valuation map as in [Lab99, §3.9], with kernel G(F,)!. We define

Gy ._ G,
fLef,v T 1G(Fv)l : fLef,'u'
Then:
. fﬁfﬂ) is strongly cuspidal and stabilizing (see Definition A.3.1);

o if tr( fﬁm\m) # 0 for some irreducible unitary representation m, of G(F),), then m, is an
unramified character twist of either the trivial representation or the Steinberg representa-
tion;

. (—l)q(G”)fI(E;’efm and (—1)Q(G;)f&}7v are associated.

Assume that G(F®R) admits discrete series. We introduce the following Archimedean Lefschetz
function.

Definition A.4.8. Suppose 7 € X% and &; is an irreducible algebraic representation of G, with
regular highest weight. Denote by x¢, : Z(F;) — C* the inverse of the central character of ¢;.
Then there exists a Lefschetz function

f& € H(G(Fy),xg,")
associated with &, such that
tr(fe, |mr) = epy (7r ® &) 1= Z(—l)i dim Hi(Lie(GT(R)), Kesmr @&7)
€N
for each irreducible admissible representation 7, of G (R) whose central character equals the inverse
of the central character of &;.
For any irreducible admissible (g, K;)-module 7, such that tr( fg’ |77) # 0, the representation

7w, is a discrete series representation cohomological for &;; equivalently, 7, has the same central
character and infinitesimal character as £V. Moreover,

tr(f& |mr) = (—1)%¢),

This follows from the Vogan—Zuckerman classification of unitary cohomological representations;
cf. [Shil2, Lemma 2.7].
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Definition A.4.9. Given a central character datum (X, x) for G*, we define the stably invariant
distributions on H(G*(Ar),x ') by

STG (1) =7(G") Y !

YEZen, x(G*) # (WO(ZG* (7)))Ga1F X

where 7(G*) is the Tamagawa number of G* and

SOrbY ( Z OrbS

is the stable orbital integral at v, with 4/ running through a set of representatives for the F-
conjugacy classes inside the stable conjugacy class of ~.

Theorem A.4.10. Fiz a central character datum (Z(F @ R),x), where x is the inverse of the
central character of an irreducible representation

5 = gTGE%O 57’

of G¢ with reqular highest weight, restricted to Z(F @ R). Suppose f € H(G(AFR),x™!) satisfies
o foo = ®T€E%o fg is an Archimedean Lefschetz function attached to &;

e there exists a finite place v of F such that f, = fﬁef,v is a non-Archimedean Lefschetz
function.
Then

STell X(f ) Tell X(f) lesc x(f) Tgjusp X(f)
where f* € H(G*(AFp),x™ ') is a transfer of f to G*.

Proof. This follows from [KS23, Lemma 6.1, 6.2]. O
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