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Let F'/Fy be a CM extension of a total]y real number field, and let X be a unitary Shimura variety canon-
ically defined over F arising from a totally definite incoherent hermitian space V over Ap.

In Kudla’s paper, hC proposcd that thC modularity problcm Of arithmctic thcta functions should takc ‘plélCC

in the arithmetic Chow group Gﬁn(zl’ &) of some suitable (compactified) regular integral model Xg of (a
variant of) X g, where arithmetic intersection theory takes place. The latter is what this talk will address.

This material is heavily drawn from [GS90], and [Sou21].

1 Notions from complex geometry

1.1 Differential forms

Let X be a smooth complex manifold of dimension d, and Ox its sheaf of holomorphic functions. Denote by
A™(X) the space of C™ complex-valued n-forms on X (as a real manifold). Recall that A™ (X) decomposes
as

AMX)= P ar9(X),

p+q=n
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where AP? consists of those differential forms which can be written locally as a sum of forms of type
udzil /\~--/\dzl-p/\d2jl /\~~/\d2jq

where u is a C°° function, dzo = dZq + idyq, and dZ, = dxo — idye.

The exterior derivative

d: A"(X) - A"TH(X)
isasum d = 0 + O where

91 API(X) = APTLY(X)
91 API(X) — APITL(X),

We have 02 = 52 = d? = 0 and we let

0—0
dC
dmi
so that _
00
dd¢ = —.
211

1.2 Line bundles with metric

Defmition 1.1. Let L be a holomorphic line bundle on X (a locally free Ox-module of rank one). A
Hermitian metric H . ” on L consists ofmaps

L(z) = R
for any z € X, where L(x) = L, /my L, is the fiber at x. We require that
(1) || As|| = |A]]|s]] for all X € C,
() ||s]| =0iffs=0;
(3) If U C X an open subset and s a section of L over U vanishing nowhere; then the map
z > |s(x)|?
is C*°.

(4) the metric ||-|| is Hermitian, i.e. invariant under complex conjugation Fig : X(C) — X(C).

We write L = (L, ||-||) for a Hermitian line bundle.

Lemma 1.2. Let L = (L, ||||) be a Hermitian line bundle. There exists a smooth form
6] (f) € Al’l(X)
such that, if U C X is an open subset and s € I'(U, L) is such that s(x) # 0 for every x € U,

c1(I)| = —dd°log s]|*.

Proof. 1t s’ € I'(U, L) is another nowhere-vanishing section, then there exists f € I'(U, Ox ) such that

s = fs.
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We get
—dd®log ||s||? = —ddlog ||s||* — dd°log | f|*.
But _ _ _
ddlog|f|* =0 [af - af] = —5@ =0,
o f f
and thus ¢1 (L) |y is well-defined. O

We then call ¢1 (L) the first Chern form of L.

1.3 Integration

We need to make sense ofintegration of forms along closed subsets, which will draw upon Hironaka’s reso-

lution theorem:

Theorem 1.3 (Hironaka). Let Y be a scheme of finite type over C, and Z C 'Y a proper closed subset of Y such
that Y \ Z is smooth. Then there exists a proper map

Y =Y

such thar
1) Yis smooth;
Q) Y\7m(2) DY\ Z

3) 7 1(Y) is a divisor with normal crossings.

Suppose Y was some integral closed subset of a smooth projective variety over C, and s is some non-
trivial rational section of that variety over Y. Applying Hironaka’s theorem to Y and the union Z =
supp(div(s)) U Y(C)*18 of the support of div(s) and the singular locus of Y/(C). Let 7 : Y = Y the
resolution of Y, d the dimension of Y(C), and w € A?’d(Y((C) \ Z) of compact support. Then we define

/ log]|sflw = / log|l* (3) 1" ().
Y(C) ¥(C)

One shows that this integral converges.

1.4 Poincaré-Lelong formula

We often assume our manifolds are compact or something.

Proposition 1.4 (Poincaré—Lelong). Let L = (L, ||-||) be a Hermitian line bundle on X, and s a meromorphic
section of L. Then we have the following formula in DYMY(X):

dd®(~log ||s]1*) + daiv(s) = c1(L).

Proof. Let Z = supp(div(s)). Let 7 : X — X be aresolution where 77(Z) has local equation 21 - - - 2 =
0. Therefore
T (s) = 21t 2k

locally. By proving the claim for 7*(L) and 7*(s) and applying 7., we may assume that X =X By

additivity We can assume
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@ s =z ox
(b) loglls]| = p € C=(X).

In case (b), div(s) = 0 and the formula is true by definition of ¢1 (L). In case (a) we have to show that, for
every differential form w with compact support in U, and for € > 0 small enough,

—/ log]zl\QddC(w)—/ w.
U |z1|=€

1.5 Currents

Definition 1.5. A current on the complex manifold X is a C-linear functional
T:A¥PA=9(X) & C

which is continuous for the Schwartz topo]ogy.

Example 1.6.
(1) 1fn € LY(X) ®coo(x) APY(X) is an integrable differential, 1 defines a current by the formula

) = [ nrw).

Q) fZ = Z?il n;Z; is an (analytic) cycle of codimension p on X, it defines a Dirac current 07 €

DPP(X) by the formula
0z(w) = an/ w,
i=1 7

where the integrals converge by Hironaka’s theorem.

We can derivate a current ' € DP4(X) by the formula
T (w) = (=1)PTIHT(Ow)

and
0T (w) = (—1)p+q+1T(5w).

By Stokes’ formula, we get commutative diagrams

pra(x) —2 - prila(x) pra(x) —2 - pratl(x)
U U and U U
APa(xX) —9 Ap+la(x) APa(x) —0 . Apatl(X)
We let _
AP(X) = AP /(AP H(X) + DAPI (X))
and

DP4(X) = DP9/(9DP~Y(X) 4+ dDP47L(X)),
so that dd® : DP4(X) — DPTLa+L( X)) factors through a map dd° : DPa(X) — Dprhatl(x).

It is known that the d, 9, and 9 cohomology of currents is the same as the d, 9, and & cohomology of C>
forms, which can be used to obtain a further description.
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Proposition 1.7. We have the following.
(1) The natural map APa(X) — DP4(X) is an injection.
(2) ForallT € DP9(X), _
dd°T € APTHITH(X) = T e API(X).

(3) If X is compact and Kdhler, the restriction of the canonical map DP4 (X) — Dpa (X) to the space
HP9(X) of harmonic forms is injective, its image is the kernel of dd°, and the image of dd® consists of the
d-exact currents in DPT1a+1 (X).

Proof. See [GS90), Theorem 1.2.2,1.2.3]. O
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2 Arithmetic intersection theory over Z

Let X be a regular projective flat scheme over Z and p > 0 an integer. Let ZP(X) be the group of cycles of
codimension p on X (i.c. the free abelian group generated by integral subschemes of X of codimension p).
Recall that the Chow group is defined as

CHP(X) = ZP(X)/RP(X),
where RP(X) is the group of cyclcs rationally cquivalcnt to 0.

Fact. If Y is a codimension p integral subscheme of X, then Y (C) is an analytic subspace of X (C). Thus, it
makes sense to talk about Green currents for algebraic cycles.

2.1 Defmition of the arithmetic Chow group

The first step is to define the Green current. Note that we could also have made this definition in the complex
geometric discussion (i.e. for analytic cycles in general), but I chose to present it here for simplicity.
Definition 2.1. If X is a scheme over Z as above, and Y = Z?il n;Y; € ZP(X) is acycle of codimension
pon X, a Green current for Y is an element [g] € DP~1P~1(X(C)), such that
(1) FX(g) = (—l)pflg, where Foo 1 X(C) — X(C) is the antiholomorphic involution induced by

complcx conjugation;

(2) dd°g+dy () isa C™ formw € APP(X(C)). Here dy is the Dirac current dy () € DPP(X(C))
as in Example

One also works with the notion of a Green form for Y, which is an element g € AP~1P=1(X(C)) (ic. a
Green current up to DP~2471( X (C))+9DP~1472( X (C))), locally L' on X (C) and C* on X (C) \
supp(Y (C)), such that its image [g] € DP~1P~1(X(C)) is a Green current for Y.

Theorem 2.2. Any algebraic cycle on a smooth quasi-projective variety over C admits a Green form (of log type,
i.e. a form coming from a resolution of singularities which is logarithmic at the singular locus).

Definition 2.3. The group Ep(X) of arithmetic cycles of codimension p is the subgroup of

ZP(X) ® DY (X(C))
consisting of pairs (Z = > ni[Zi], g) such that g is a Green current for Z(C) on the complex manifold
X(C), with (Z1,91) + (Z2,92) = (Z1 + Z2,91 + g2).

Example 24.

(1) Let Y C X be an integral subscheme of codimension p — 1, and f € x(Y") a rational function on
Y. Define log | f|? € DP~1P=1(X(C)) by the formula

(log |f]2)(w) = /Y o loelfP

We may think of f as a rational section of the trivial line bundle on Y, so div(f) is a codimension
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p cycle on X. By the Poincaré-Lelong formula,
dd®(—1og | fI*) + daiv(p) = 0
In chis way, we have defined an arithmetic cycle
div(f) = (div(f). ~log | f[*).
an clement of ZP(X).
(2) We can check that, given u € DP~2P~1(X(C)) and v € DP1P=2(X(C)) we have
dd®(Ou + dv) = 0,
s0 Qu + Qv is a Green form for the empty cycle which becomes trivial as a Green current.

Green forms which are trivial as Green currents as in cxamplc (2) above seem to lead to some nuisancy in

that some papers quotient out those currents when defining ZP(X) and some papers quotient them out

when defining RP (X).

Definition 2.5. Let ﬁp(X) C Z\p(X) be the subgroup generated by elements of the form (Tl;f Then,
the arithmetic Chow group of codimension p of X is the quotient

CH'(X) = ZP(X)/RP(X).
There are several maps involving cH (X).
- (: CH'(X) - CHP(X), [(Z,9)] = [Z].

« w: CH'(X) — kerd Nkerd® C APP(Xg), [(Z,9)] — dd°g + d5(c).
Finally, we let
CH (x) = P CH"(X).
p=>0

2.2 Arithmetic Chow group in codimension 1

—1 ~ .
In codimension 1, the group CH (X) is the same as the group PiC(X) of isometry classes of Hermitian line
bundles on X. (In this setting where X /Z was a smooth scheme, a line bundle with metric L = (L, ||-]|) is
Hermitian if its metric is invariant under complex conjugation Fig : X(C) = X(C))

IfL = (L,| ) € ISI\C(X) and if's # 0 is a rational section of L, we let
div(s) = (div(s), - logl|s[|*) € Z*(X)

1 —~
and define ¢1(L) € CH (X)) to be the class of div(s). It’s simple to check that this does not depend on the
choice of's.

Proposition 2.6. The map ¢ induces a group isomorphism

& : Pie(X) — CH (X).

Proof. Consider the commutative diagram with exact rows
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@ Pie(X) — s Pie(X) — 0

s Ja

—1 C

0 —— C*(X(0))
0 —— C®(X(C)) %= CH (X) —— CHY(X) —— 0

where @/ () is the trivial line bundle on X equipped with the norm such that ||1]| = exp(y), ¢'(L) = L,
a(p) = (0,¢),and ((Z,9) = Z. O

2.3 Intersection pairing on Chow groups
Before we state the intersection pairing for arithmetic Chow groups, we recall several things about cycles.
If X is a Noetherian scheme, then
ZP(X) = & Z.
ZCX such that codimy (Z)=p
If'Y C X is aclosed subset, then
Z0(X) = P Z.

ZCY such that codimx (Z)=p

Define CHY, (X) to be the Chow group of codimension p cycles with supports in Y, i.e. the quotient of Z, (X))
by the subgroup generated by cycles of the form div(f), for f € k(W)* with W a codimension p — 1

integral subscheme of X contained in Y. There is an exact sequence
CHY (X) — CHP(X) — CHP(X \Y) — 0.
For instance, CHY (X)) = CHP(X).
Now if X is a regular Noetherian scheme, there is an isomorphism
k:k.p
CHY (X)g ~ Ko(X)5 ~,

where K(X) is the Grothendieck group of vector bundles on X. This comes from interpreting CHI;, (X)o
as the subspace of K} (X)g where the Adams operations 1* act by multiplication by k7 (k > 1). It
sends the class [Z] to the class [Oz] of a resolution in Cy (X) (complexes of O x-modules with homology
supported on Y') of the coherent module O.

Theorem 2.7. If X is a regular Noetherian scheme of finite Krull dimension and Y, Z are closed subsets, there is
a pairing

CH} (X) ® CHY(X) — CHY T (X)g
with the following properties:
(1) It makes @y CH} (X )q a graded commutative ring wich unit [X] € CH®(X).

(2) It is compatible with change of support maps

CHY(X) — CHY,(X) forY CY' CX.

(3) IfY and Z intersect properly, that is codimx (Y N Z) = codimx (Y') 4+ codimx (Z), then the inter-
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section product [Y.[Z] € CHYA2(X ) q is given by Serre’s Tor-formula for intersection multiplicities,

ma(Oy,0z) = Y (=1’ length(Tor; ** (Oy.4, Oz,)).
j=0

Proof. The pairing is in fact induced by the cup product on the 7y filtration on K-theory (see [GS87, Theorem
8.3]),
K (X) ® K (X) = Ko "(X).

2.4 Intersection pairing on arithmetic Chow groups

Theorem 2.8. For p,q > 0, there is an intersection pairing

CH'(X) ® CH'(X) — CH (X)q
a®pB—a-pb.

It curns CH (X))o =DB,>0 Gﬁp(X )q into a graded commutative Q-algebra. Moreover, the maps
¢:CH (X)g — CH*(X)g

and
w:CH (X)g — @D AP?(X(C))
p>0

are both ring homomorphisms with respect to this structure.

Let CHﬁn (X)) be the union of the groups CH@ (X)asY C X runs over all closed subsets with empty
generic fiber, that is, ¥ N Xg = 0. There is a canonical map

CHY.(X) — CHE_(X) & Z7(Xg).

Proof of Theorem If o (resp. ) is the class of (Y, gy) (resp. (Z,9z)), welet Y N Z € CHE:Q(X)Q @
ZPT9(Xq)q be the image of [Y] ® [Z] € CHY (X)) ® CHY(X) under the maps

CHE (X) @ CHL(X) — CHE, (X)g — CHEL(X) @ 2P7(Xg)q.

Here, in order for the last map to be well-defined, we are to assume that the restrictions Yg and Zg of
Y and Z to the generic fiber Xq intersect properly, ie. the components of Yo N Zg have codimension
P+ ¢. To do this, one invokes a moving lemma for Cycles. While one has Chow’s moving lemma for smooth
quasi-projective Q-varieties, there is no such result for arithmetic varieties. This is the reason for invoking

K -theoretic methods upon tensoring by Q as in Theorem above.
Next we define a Green current for Y N Z. For this we set

wy = ddgy + 0y (c) € APP(X(C)),
wz = dd°gz + 6z.c) € APP(X(C)),

and let -

gy * 9z = 0y(c) N9z + gy Awz € DPTI1PHal(x),
This is not a priori well-defined; implicitly on the right-hand side it requires the choice of Green forms
representing gy and gz. However, up to addition of a term Ju + 0v, one can assume that gz is L' on



Notes on arithmetic intersection theory

10

X(C) \ Z(C) (more precisely, with "logarithmic singularities", with restriction an L'-formn on Y/(C) \

Y(C)Nn Z(C

~—

(Oy(c) N9z)(w) =/ nAw.

Y(O\Y(C)NZ(C)
Formally, we have

dd®(gy * gz) = dd(dy(c) N 9z) + dd°(gywz)
= dy(c) Ndd(gz) + dd°(gy) Nwz
= (Sy((c) A (WZ — 5Z((C)) + (OJY — 5y(@)) Nwgz
= wy Awz — dy(c) NIz()

= wy Awz — dy(c)nz(C)-

One can show that the *-product on Green currents is always commutative, and if Xq is projective, then

the *-product on Green currents is associative.

O
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3 Arithmetic intersection theory in general

We will wrap up by stating the main concepts in arithmetic intersection theory over different arichmetic
rings, largely analogous to the previous section.

3.1 Arithmetic varieties

Definition 3.1. An arithmeric ring is a triple (A, 3, Fx) consisting of an excellent regular Noetherian
integral domain A, a finite nonempty set 3 of embeddings o : A < C, and a conjugate-linear involution
of C-algebras, Fi - C* — C¥, such that the diagram

AP = HUGE Co

| |-

A5 C”=T1],exCs

commurtes.

Example 3.2

(1) If che field of fractions of A is a number field F', let 3 = Hom(A, C) be the set of all embeddings
of A into C and let F be the usual Frobenius on C* ~ C ®g F induced by complex conjugation.

2) A=Ror any subring OF]R, Y is the obvious embedding of A into C, and Fi is Complex conju-

gation.

There are subsequent notions of homomorphisms of arithmetic rings. Note that there is a natural homo-
morphism of arithmetic rings Op — O for cach extension E/F of number fields, and Z is an initial
object in the category of arithmetic rings.

Definition 3.3. If (A, >, Foo) is an arithmetic ring, an arithmetic variety X over Aisa morphism T
X — S = Spec(A) which is flat of finite type, with the following requirements. We require that the
generic fiber X be smooth, where F' = Spec(A). If ¢ € 3, we write Xy = X ®4,, C; we write
Xy = Upen Xo = X ®24 C*. Finally, we write Xoo = Xx(C), the analytic space associated to
the scheme Xx. Since X is smooth over F, X is a complex manifold, with a continuous involution
induced by the conjugate-linear automorphism Fig of C=.

3.2 Definition of the arithmetic Chow group

Let X be an arithmetic variety over A = (A, 3, Fiy,) with smooth projective generic fiber, and Y is a codi-
mension p integral subscheme of X, then Yy is a subscheme of X invariant under Fiu. Hence, integration

over Yoo defines a Dirac current dy,_ in ﬁp’p(Xoo)A This extends to a map
ZP(X) — DPP(Xs0).

The real forms (resp. real currents) in DPP(X ) are those which satisfy F o = (—1)Pa.

Definition 3.4. Let EP(X) be the subgroup of ZP(X) @ Ep_l’p_l(Xoo) consisting of pairs (Z =
> n;[Zi], g) such that g is a Green current for Z, with (Z1,91) + (Z2, 92) = (Z1 + Za2, g1 + g2).
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Example 35. IfY C Xisan intcgral subscheme of codimension p—1, let 7 : 372 — Y5, be the resolution
of singularities of Yy, with 7 proper. For f € k(Ys)*, f restricts to a rational function fon }72. The
function log ‘ﬂQ is real-valued and L' on }700, defining a current in DO’O(?OO). Ifi }N/OO is the natural
map, then ix(log ‘ﬂz) € DP~LP=1(X). This current is independent of the choice of resolution. By the
Poincaré-Lelong formula applied to X oo, we have dd®i, (log | f|?) = ddiv(f), and by invariance of ¥ and
f under Fi, the pair

div(f) = (div(f), —ixlog | f]?)

is an element of EP(X).

Definition 3.6. Let EP(X) C Z\p(X) be the subgroup generated by elements of the form (Il:ff Then,
the arithmetic Chow groups of codimension p of X is the quotient

CH'(X) = Z°(X)/RP(X).

Theorem 3.7. We have a five-term exact sequence
CHPP-1(X) & AP-1P1(Xg) % CH(X) S CHP(X) — 0.
Example 3.8. If X = O, is the ring of integers of a number field K, then, putting 71 and 2 the number
of real and complex places of K and Cl(Ok) the class group of K, we have
1— u(K) = 0% & R™72  Pic(Spec Ok ) — Cl(Ok) — 0,
where p = Haez(rlm) log | - \(QI is essentially the Dirichlet regulator. We can identify
—1
CH (SpecOk) ~ K*\Ax /U,
where A% is the idele group of K and Uk is its maximal compact subgroup.
3.3 The intersection pairing
Reprising the ideas in Theorem let A = (A, X, Fx) be an arithmetic ring with fraction field F.

Theorem 3.9. Suppose that X is an arichmetic variety over A which is regular and has quasi-projective generic

fiber Xp. Then
(1) Forp,q > 0, there is a pairing

CI (X) ® CH'(X) — CH (X)q (3.1)
a®p—af

which is uniquely d‘etermined by the following condition: 1f « (resp. ,3) is the class of ([Y], gy) (resp.
([Z], 9z)), then a3 is the class of the element

([Y),9v)-(12],92) = ([Y][Z], gy #92) € (Z7F9(Xp) BCHE T (X))@ DPH— P4 (X o).
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(2) The product makes éﬁ* (X )Q into a commutative, associative ring.
(3) Ifpor q =1, there is a unique pairing

CH'(X) ® CH'(X) — CH" (X))

which is given by the formula
(Y, 9v)-(12),92) = ([Y][Z), 9y * 92) € Z"T9(X).

for cycles intersectirllg properly on X This pairing induces the pairing taking values in (/jﬁerq(X )o-
When o, 5 € CH (X) andy € CHq(X), q > 0, we have

——q+1
ay ="y € cH'" (X)

and

a(By) = Blavy) € CHTT (X).

(4) The maps ¢ : @p(X) — CHP(X), w : @p(X) — APP(X(C), are ring homomorphisms

Let éﬁp(X)o be the kernel of w : Gﬁp(X) — APP(X(C)), and let CH*(X ) be the subgroup of CH* (X)
ofcyclcs homologically Cquivalcnt toQin the generic fiber X, so ( induces a surjective map from CH (X)o

to CH* (X)()

Theorem 3.10. Suppose that X is an arithmetic variety over A and has projective generic fiber X p. Then the
CH (X)qg-module structure on the ideal CH (X)o,q is induced by a CH* (X)) g-module structure, i.e. we have
a factorization

TP ta

CH'(X)o® CH'(X) —— CH "(X)og

aee /

CH’(X)o ® CHY(X)

Corollary 3.11. Let X be an arithmetic variety which is regular and has projective generic fiber Xp. Then the
product of (.1, restricted to CH* (X)o, factors through CH*(X )0, i.e. we have a well-defined product:

—==p+q

CHP(X)o ® CHY(X)o — CH' " (X)o.



Notes on arithmetic intersection theory 14

References

[Bos91] J-B. Bost. Théorie de lintersection et théoréme de Riemann-Roch arithmétiqucs. Number 201-203,
pages Exp. No. 731, 43-88. 1991. S¢minaire Bourbaki, Vol. 1990/91.

[GS87] H. Gillet and C. Soulé. Intersection thcory using Adams operations. [nvent. Math., 90(2):243-277,
1987.

[GS90] H. Gillet and C. Soulé. Arithmetic intersection theory. Inst. Hautes Ecudes Sci. Publ. Math., (72):93—
174, 1990.

[Sou2l] C. Soul¢. Chapter I: Arithmetic intersection. In Arakelov geometry and Diophantine applications,
volume 2276 of Lecture Notes in Math., pages 9-36. Springer, Cham, [2021] @2021.



	Notions from complex geometry
	Differential forms
	Line bundles with metric
	Integration
	Poincaré–Lelong formula
	Currents

	Arithmetic intersection theory over Z
	Definition of the arithmetic Chow group
	Arithmetic Chow group in codimension 1
	Intersection pairing on Chow groups
	Intersection pairing on arithmetic Chow groups

	Arithmetic intersection theory in general
	Arithmetic varieties
	Definition of the arithmetic Chow group
	The intersection pairing

	References

